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Abstract: In this paper we introduce Contra pre b-I-open, Contra pre b-I-closed functions and investiage some of their

properties.
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INTRODUCTION

One of the important and basic topic in the theory of
classical point set topology and several branches of
mathematics, which have been researched by many authors, is
continuity of functions. In this direction, Dontchev [4]
introduced the stronger form of LC-continuity called contra-
continuity. The concept of ideals in topological spaces has
been studied by Kuratowski [6] and Vaidyanathaswamy [7]. In
1996, Andrijevic [2] introduced and studied a weak form of
open set called b-open set. In 2005, A. Caksu Guler and G.
Aslim [3] introduced and studied b-I-open sets, b-I-continuity
and gave a decomposition of continuity.

An ideal I on a topological space (X,r) is a non-empty
collection of subsets of X satisfying the following
properties:(1) A € T and B € A imply B € I (heredity);
2) A €land B € Iimply A U B € I (finite additivity).
A topological space (X, t ) with an ideal I on X is called an
ideal topological space and is denoted by (X, t, I). For a subset
AcC X, A¥(D={x € X: U NA & Iforevery U E1(x)}, is
called the local function [6] of A with respect to I and . We
simply write A* in case there is no chance for confusion.

A Kuratowski closure operator CI*(.) for a topology t*(I)
called the *- topology finer than 1t is defined by
CI*(A)=A U A*[7].

Let (X,t) denote a topological space on which no separation
axioms are assumed unless explicitly stated. In a topological
space (X, 1), the closure and the interior of any subset A of X
will be denoted by CI(A) and Int(A), respectively.

PRELIMINARIES

Definition 2.1. A subset A of and ideal topological space
(X,t,]) is called b-I-open[3] if A c cl*(int(A)) U int(cl*(A)).
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The complement of b-I-open set is called b-I-closed set.

The largerst (resp. smallest) b-I-open (resp. b-I-closed) set
contained in (resp. containing) a subset A of the space (X, t, )
is called b-I-interior (resp. b-I-closure) of A and is denoted by
blint(A) (resp. blcl(A)).

The class of all b-I-open sets in (X, 1) will be denoted by
BIO(X, ).

Definition 2.2. [8] An ideal topological space (X, t, I) is said to
be b-I-T if each pair of distinct points x and y of X, there exist
b-I-open sets U and V containing x and y respectively such that
y&Uandx¢g V.

Definition 2.3. A function f : (X, 1) = (Y, o, I) is called
(1). b-TI-open [1] if f(U) € BIO(Y, o) foreach U €1
(2). contra b-I-open [5] if f(U) € BIC(Y, o) foreach U €1
CONTRA PRE B-I-OPEN FUNCTIONS
Definition 3.1. A function f: (X, 7,1) = (Y, 6,J ) is said to be
1) pre b-I-open[5] if f(U) € BIO(Y, o) for each U & BIO(X, 1)
2) pre b-I-closed[5] if f(U) € BIC(Y,o0) for each U € BIC(X,1)

3) contra pre b-l-open if f(U) & BIC(Y,0) for each
UEBIO (X,1)

4) contra pre b-I-closed if f(U) & BJO(Y,0) for each
Ue BICXX, 1)

Remark 3.2. The following example shows that contra pre b-I-
openness and contra pre b-I-closedness are independent.

Example 3.3.. Let X = {a, b, ¢}, © = {0, {c}, {a, b}, X},
o = {0, {a}, {b}, {a, b}, X} and I = {@, {a}}. Then the
function f : (X, 1, I) = (X,0, I) defined by f(a) = f(c) = c,
f(b) = b is contra pre b-I-open but not contra pre b-I-closed.

984


http://www.ijartet.com/

7
"~ Vol. 5,Special Issue 12, April 2018

Also the function g : (X, o, ) = (X, 1, I) by
g(a) = g(c) = ¢, g(b) = b is contra pre b-I-closed but not contra
pre b-I-open.

£

Remark 3.4. The following example shows that contra pre b-I-
openness (resp. contra pre b-I-closedness) and pre b-I-opennes
(resp. pre b-I-closedness) are independent.

Example 3.5. Let (X, 1, ) and (X, o, I) be the space as defined
in Example 3.3.. Then the function f : (X, 1, I) = (X, o, I)
defined by f(a) = c f(b) = b, f(c) = a is pre b-I-open (resp. pre
b-I-closed) but not contra pre b-I-open (resp.contra pre b-I-
closed).

Example 3.6. Let X = {a, b, ¢}, T = {0, {c}, {a, b}, X},
n={0, {a, b}, X} and I = {@, {b}, {c}, {b, c}}. Then the
identity function f: (X, n, I) = (X, 1, I) is contra pre b-I-open
(resp. contra pre b-I-closed) but not pre b-I-open (resp. pre b-I-
closed).

Remark 3.7. If the function is bijective, then contra pre b-I-
openness and contra pre b-I-closedness are equivalent.

Theorem 3.8. For an injective function f : (X,t,I) —(Y,0, J),
the following are equivalent
(1). f is contra pre b-I-open.
(2). for every subset B of Y and for every b-I-closed subset
F of X with f'(B) c F, there exists a b-I-open subset A of
Y withB c A and f '(A) c F.
(3). for every y € Y and for every b-I-closed subset F of X
with f'(y) € F, there exists a b-I-open subset A of Y with
y €EAand f'(A) c F.

Proof: (1) = (2). Let B be a subset of Y and let F be a b-I-
closed subset of X with f'(B) c F. Put A = f(F)°. Since f is
contra pre b-I-open, then A is a b-I-open set of Y and since
f'(B) c F, we have f(F°) c B® and hence B c A. Moreover
f(A) = f(f(F)°) c F.

(2) = (3). It is sufficient to put B = {y}.

(3) = (1). Let A be a b-I-open subset of X. Then lety € f(A)°
and let F = A°. By (3), there exists a b-I-open subset By of Y
with y €B, and fl(By) c F. Then we see that yEB, c f(A)".
Hence f(A)° = U{B, : y € f(A)} is b-I-open. Therefore, f(A)
is a b-I-closed subset of Y.

Theorem 3.9. For an injective function f: (X, 1, I) = (Y, 5, J),
the following are equivalent
(1). f is contra pre b-I-closed.
(2). for every subset B of Y and for every b-I-open subset A
of X with f~1(B) c A, there exists a b-I-closed subset F of
Y with B € F and f=1(F) c A.
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Proof: (1) =(2). Let B be a subset of Y and let A be a b-I-
open subset of X with f'(B)  A. Put F = f(A°)°. Since f is
contra pre b-I-closed, then F is a b-I-closed set of Y and since
f(B) c A, we have f(A°) c B® and hence B c F. Moreover
f1(F) c A.

(2) = (1). Let E be a closed subset of X. Put B = f(E)c and
let A = E°. Hence f '(B) = f (f(E)°) = (f '(f(E)))° € A. By
assumption there exists a b-I-closed F € Y for which B ¢ F
and f'(F) € A. It follows that B = F. But if yEF and y¢ B,
then y € f(E). Therefore y = f(x) for some x €E and we have
X € 1(F) c A = E°, which is a contradiction. Since B = F,
f(E) is b-I-open and hence f is contra pre b-I-closed.

Corollary 3.10. If f : (X, 1, I) = (Y, o, J) is contra pre b-I-
closed, then for every y € Y and for every b-I-open subset F
of X with f l(y) C F, there exists a b-I-closed subset A of Y
withy € A and f'(A) cF.

Remark 3.11. The converse of Corollary 3.10. does not hold
since for any function with b-I-T1 codomain we may take F to
be {y}.

Theorem 3.12. Let f: (X,t,I) = (Y,0,J) be a function. Then,
(1) If f is contra pre b-I-open, then bIcl(f(A)) < f(bIcl(A))
for every b-I-open subset A of X.
(2) If f is contra pre b-I-closed, then
(f(A) < blint(f(bIcl(A))) for every subset A of X.

Proof: (1) Since f is contra pre b-I-open, then bIcl(f(A)) = f(A)
c f(bIcl(A)) for every A € BIO(X, 1).

(2) Since f is contra pre b-I-closed and since blcl(A) is b-I-
closed, then (f(A) c f(bIcl(A)) = blint(f(bIcl(A))) for every
subset A of X.

Definition 3.13. A function f: (X, t,I) = (Y, 6, J) is called
(1) b-I-preclosed if bIcl(blint(f(A))) c f(A) for every
b-I-closed set A of X.
(2) b-I-preopen if f(B) < blint(bIcl(f(B))) for every
b-I-open set B of X.

Theorem 3.14. For a function f : (X, t©, 1) — (Y, 0, ]), the
following properties holds:
(1) fis pre b-I-closed, whenever f is contra pre b-I-closed
and b-I-preclosed.
(2) fis pre b-I-open, whenever f is contra pre b-I-open and
b-I-preopen.

Proof: (1). Let F be a b-I-closed subset of X. Since f is

b-1 preclosed, blcl(blint(f(F))) < f(F). Since f(F) is b-I-open,
blcl(blint(f(F))) = bIcl(f(F)) c f(F). Hence f(F) is b-I-closed.
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(2). Let A be a b-I-open subset of X. Since f is b-I-preopen,
f(A) < Dblint(blcl(f(A))). Since f(A) is b-I-closed,
blint(bIcl(f(A))) = blintf(A) and hence f(A) < blint(f(A)), that
is, f(A) = blint(f(A)). Thus, f(A) is b-I-open.

Regarding the restriction f|4 of a function f : (X, 1, ) —
(Y, 0, J) to a subset A of X, we have the following result.

Theorem 3.15. For a function f : (X, 1, I) — (Y, o, J), the
following statements are true.
(1) If f is contra pre b-I-closed, and A is b-I-closed set in X,
then the function f, : (A, T |a, I|]a) = (Y, 0, J) is contra pre
b-I-closed.
(2) If £ is contra pre b-I-open, and A is b-I-open set in X,
then the function fla : (A, T |, I]a) = (Y, o, J) is contra pre
b-I-open.
Proof: (1). Suppose B be an arbitrary b-I-closed subset of A.
Since A is b-I-closed subset of X, then B is b-I-closed in X.
Then f|A(B) = f(B) is b-I-open in Y . Thus f|4 is contra pre b-I-
closed.
(2). Similar to (1).

Theorem 3.16. Let f: (X, t,I) = (Y,0,J)and g: (Y, 5,])) —
(Z, v,K) be two functions such that g ° f: (X, 7, I) ~ (Z,v ,K).
Then,
(1) g ° fis contra pre b-I-open, if f is pre b-I-open and g is
contra pre b-I-open.
(2) g ° fis contra pre b-I-open, if f is contra pre b-I-open
and g is pre b-I-closed.
(3) g » fis contra pre b-I-closed, if f is pre b-I-closed and g
is contra pre b-I-closed.
(4) g ° fis contra pre b-I-closed, if f is contra pre b-I-closed
and g is pre b-I-open.

Proof: Straightforward.

Lemma 3.17. Let (X, 1, I) be an ideal topological space and let
A c X. Then x € blcl(A) if and only if for every b-I-open set
U of X containing x, U N A # Q.

Definition 3.18.. A subset A of X is said to be b-I-dense [1]
in X if and only if blcl(A) = X.

Theorem 3.19.. For a function f: (X, 7,1) = (Y, 0,]), the
following properties holds:

(1) If f is contra pre b-I-open and B € Y has the property

that B is not contained in proper b-I-open sets then £ '(B) is

b-I-dense in X.

(2) If f is contra pre b-I-closed and A is a b-I-dense subset

of Y then f'(A) is not contained in a proper b-I-open set.
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Proof: (1). Let x€X and let A €BIO(X, x). Then f(A) is b-I-
closed and (f(A))¢ is a proper b-I-open subset of Y. Thus, B
not contained in (f(A))° and hence there exists y €B such that
YyETf(A). Let zEA for which y = f(z). Then zEANT'(B).
Hence AN FI(B)i(Dand thus by Lemma 3.17,
X € blcl(f '(B)). Then by definition, f '(B) is b-I-dense in X.

(2). Assume that f'(A) € B where B is a proper b-I-open
subset of X. Then we have that f(B€) is a nonempty b-I-open
set if Y such that f{B)NA = @, which by Lemma 3.17.,
contradicts the fact that A is b-I-dense.
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