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I. INTRODUCTION

The importance of general topological spaces rapidly
increases in many fields of applications such as data mining
[3]. Information systems are basic tools for production
knowledge from data in any real life field. Topological
structures on the collection of data are suitable mathematical
models for mathematizing not only quantitative data but also
qualitative ones. Generalized open sets play a very important
role in general topology and they are now the research topics
of many topologists worldwide. Indeed a significant theme
in general topology and real analysis concerns the variously
modified forms of continuity, separation axioms etc. By
utilizing generalized open sets. One of the most well known
notions and also an inspiration source is the notion of et g-
open [5] sets introduced by V. Kokilavani and P.R. Kavitha.
In this paper, we will continue the study of related functions
with ﬁfﬂ!g-open and Peeg-closed sets. We introduce and
characterize the concept of e g-derived set, e g-border,

Yo g-frontier, Wag-exterior and Wag-saturated and
further the relationship between them are derived.

II. PRELIMIERIES
Throughout the present paper, spaces &£ and ¥ always mean
topological spaces. Let X be a topological space and 4, a
subset of X. The closure of A and the interior of A are
denoted by cl(A) and int(A4) respectively.

Definition: 2.1 A subset 4 of a space [X, T:] is called
(i) semi open set [2] if AScl(int(A)).

(i1) semi pre open set [1] if AScl(int(cl(A))).
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(iii) a-open set [4] if ASint(cl(int(A))).

III. yraxg-Derived and W g-Border

Definition: 3.1 Let A be a subset of a space X. A point
x € X is said to be Y g-limit point of A if for each Warg-
open set U containing %, U N (A — {x})  ¢. The set of
all Yerg-limit point of A is called Y g-derived (briefly.
D[,‘bw] ) set of A and is denoted by D[,‘bﬂ:g] (4).

Theorem 3.2 For subsets A, B of a space X, the following
statements hold:

(i) IfA € B, then Dpyag)(A) © Diyagl (B).
(i) Drypagl{A) U Dyag](B) © Diypag (AU E)
(iii) Dipagl (Dlpag) (A)) — A € Diyag)(4)

(iv) Digpagl (A Y Diyag1 (A)) © A U Dyog1 (4)

Proof: (i) Let % € Dpy.1(4) iff (U\{xP)NA=¢
for every open set U containing x. But B 2 A; hence so
% € Do (4) implies x € Dpyoq(B). That is
D[f.li'rxg] (4) € D[nbrxg](g:]'

(i1) From @), AcCcAUE
implies Dpyqq1 (4) c Dipag (AUB)and BC AUBE
implies Dpyqg1 (B) c Diyag (AU B). So
Dyagl (4) U Diyag) (B) © Diyaq1 (AU B).
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(ii)If % € Dpygg] [D[Wg] (..{]) — Aand Uis an Yag-
open set containing X, then U/ N (D[¢¢g] (4) —

{x}) # ¢. Let ¥ EUN(Dpyenn(A4) —{x}). Then
since Y € Dpyag (4) and YEU,
Un(A—{y}) #¢. Lee z€UN(A—{¥}). Then
z#x for ZEA and X EA
U n(A—{x}) # ¢. Therefore X € Dpy,1(4).
(iviLet X € Dy 1 (AU Dy 1(A)). If x €A the
result is So let
% € Diyogy (AU Dpyogy (4)) — A, then for arg-
open set containing X,
Un(AUDpy,1(4) — {z}) = ¢. Thus
Un(A—{x})+¢ or
U N (Dpyagm(4) — {x}) = &. Now it follows (iii) that
Un(A—{x}) #o¢. x € Dpyqa1(A)

Therefore, in any case

Digagl (AV Dpyag (A)) © AU Dy 1 (4).

Hence

obvious.

Hence

A

Theorem 3.3 For any subset of a space X,

Yag,,(A) = AU Dy, 1 (4).

Proof: Since

Diyag (4) © Yagy(A),
AU D[,‘brx‘g] (4) = Wwag,, (A). On the other hand, let

X E Yag, (A). If x € A, then the proof is complete. If
x & A, then each Wt g-open set U containing X intersects
A at a point distinct from %. Therefore % € Dy, 01 (A).

Thus Pag,;(A) € AU Dpy1(A) which implies that
Yag,,(4) =AU Dipag] (4). This completes the proof.

Theorem: 3.4 For subsets A, B of a space X, the following
statements hold:
@) Wagm(A) is the largest W g-open set contained

in A.
(i) AisanYPag-open if and only if A = Wear gy, (4).
(iii) @Pﬂﬂmr{i}fﬂﬁmrfﬂ}} = ﬂ’ﬂﬁmrfﬂ}
(@iv) wgﬂmr(ﬂ} =A- D[?.bﬂ:g] (X—A4)
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V) X —oagm.(4) = Pag, (X —A)

i) X —pagy(4) = Yagy, (X — 4)

(vii)A C B, then Yagm.(4) © Yeagp,.(B)
waﬁ'mr(ﬂ} u waﬁ'mr(B} c wﬂﬂmrfﬂ u
B)

(viii)

Proof: (i)For each point x €A x € U, © A  Hence
U{U,:x € A} = A. And so 4 is a union of all open sets
contained in A. The interior of a set A is the union of all
open subsets of A. That is if I/ is an open subsets of A then
U-C Yagy,, (A)C A

GDIf A is tﬁfxg-open then U C Lffﬂ!g'mt [:flj cA or
A =Yag, (4). 1t A = Pag,,, (4) then 4 is Yag-
open. Since Pt Gy, (A) is open.

(iii) It follows from (i) and (ii).

GQv)If X € A—Dpyg (X —A), then
X € Dpjingl (X — A) and so there exists an & g-open set
IJ' containing x such that UNX —A =¢. Then
xEU—A4 and hence xE wrxgmt (ﬂ] That is
A—Dpyo1(X — A) = ag,. (A). On the other
hand, if * € wag,,, (4), then x & Dluagl (X —A4)

Since ~ Yag,.(A) is an  Yag-open and
Yag, (A)N(X — A) = ¢. Hence
PG, (4) =A-— D[fi-'rrg] (X — A).

(v)

X — gy, (4) = X — (A= Do (X— A)) =
(X — 4) U Dpyoyy (X — A) = g, (X — 4)
'(vi)Using @iv) and Theorem 3.3, we get,

Yag, (X —A) =(X—4) - D pag) (X—4) =

X — (AU Doy (4)) = X — pag, (4)

(vii)Let X £ Lffﬂ!g'mt (ﬂ] the union of all tﬁfxg-open sets
contained in A. But 4 © B so the union of all tﬁfxg-open

sets contained in B which implies * € Yag;,. (B). Hence
$agfnr (Hj c $ag£nr (Bj
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(viii) From (1),

implies Y& gy, (4) < Wagp,, (AU Bland
Bc AUB  implies Yagp,.(B) C Yag, (AU B).
So ¢agfnt (A:] v ¢agfnt (B:] c ¢agfnr [H v B:]'

ACAUE

Definition:3.5 For any subset A of a space X,
Bd*¥2*(4) = A — Yag,,.(A) is said to be Yag-
border of A.

Theorem:3.6 For a subset A of a space X, the following
statements hold:

(i) A=vPagn(4)UBd¥ee>(4)

(i) Yagm(A)NBd~¥297(4) = ¢

(iii) A is an Yarg-open iff Bd “¥497(4) = ¢

(iv) Bd 429> (Yag,.(4)) = ¢

) Yagpm(Bd¥2a=(4)) = ¢

(vi) Bd %2~ (Bd=¥28~(4) ) = Bd~¥=9~(4)
(vii)Bd %28 (4) = A N Pag, (X — 4)

Bd %2> (4) = Dpyag(X — A)

(viii)

Proof: (i)Obvious.

Gi1f X € Yagy, (Bd *29”(4)) then
x € Bd~¥aa*> (4). On the other hand, since
Bd=¥e97(4) c A,

x e ;Drxgmt (Edﬁd-'rxg}- [:}1]) L ;ba:gmr (}1:] Hence

x € Yag,,, (4)n Bd=¥27(A), which contradicts
(ii). Thus Weagy,, (A) N Bd*¥39* (4) = ¢,

(iii)Since tﬁrxgmr (ﬂ] C A4, it follows from theorem
3.4(ii), that A is Yag-
open

= A =1yag,, (A) = Bd“¥99"(4) =4 -
¢agfnr [Hj = qb

(iv)Since A is an Yag-open, it follows from (3) that
Bd“¥** (yag,, (4)) = ¢.

WIf x € Yag,,, (Bd“¥=~(4)), then
x € Bd“¥%9*(4) S A and x € ag,,, (A). Since
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Yag,,, (Bd V97 (4)) € yag,,, (4). Thus
x € Yag,,, (A) N Bd“¥**(A) =@, which is a
contradiction. Hence Wt gy, (E d~ves” [;1]) =¢.
(vi)Using ), we
Bd<¥ae> (Bd~¥29>(4)) = Bd¥29” (4) —
Yagy, (B (4)) = Bd™¥*97(4)

get

(vii)
Bd~Y*6” (4) = A —Yag,, (A) = A —
(¥ = pag,(x —4)) = Anyag,, (X — 4)

Bd<¥20>(4) = A — gy (A = A — (A — Dy (X —
A)) = Dy (X — A
IV. e g-Frontier and Yo g-Exterior

Definition:4.1 For a subset A of a space X,
Fag(A) = ag ,(A) N pag,(X\A) is said to be
e g-Frontier of A.

Theorem:4.2 For subsets A of a space X, the following
statements hold:

() Yeg,(4) = Pagn:(4) U Fya,(4)

(i) WG (A O Fyog(A) = ¢

(iif) Bd“¥29*{4) © F, (4)

(iv) Fyag (A) = BA ™7 (A)U Dy, (A)

(v) Aistpag-open setiff Fyyq,(A) = Dpy,l1(4)
(Vi) Fyyag (A) = ag, (4) N pag,(X\A)
(il Fygg (A) = Fyey (X\A)

Fjag (A) is hag-closed.

(%) Fipag (F’,‘bw(ﬂ]) C Fyap(4)

X Fiag (0ag,,,(4)) € Fypp (4)

() Fyag ($0g,(4)) € Fypp (4)
(Xii)wggfnr(fi} =A- Fwag{fl}

(viii)
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Proof:

Q)

wﬂﬂznr(ﬂ] u Fz‘bn:g (}1] = wagfnr (‘4) u
(wag,,(4) — vagy,, (4)) = vag,,(4)
(ii)

%ﬂﬂgmr(ﬂj n Frj.-n:g (A:] = 11&&9'{?2: (Aj n
(wag,(4) — Yagy,, () =¢
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(iii)Since A Syag,,(4), we
Bd“V*57(4) = A — Yag,,.(A) € Yag,,(A) -
wﬂ:g,{nt [ﬂ:] = Fﬁbn;g (A:]

'(iv)Since

wﬂﬂznr(ﬂ] u Fz‘bn:g (}1] = wagfnr (‘4) v

Bd~¥%97 (A) U Dpy e (4)

Fpag(A) = BA™597(A) U Diyp 1 (A).

(WIt follows from (iv), Theorem(3.6)(iii) and Theorem
(3.4)(i1).

(vi)

$agc2 [:A] n 11&&9'52 (Xl\j'lj = 11&&9'52 (,Elj n
[X\%f’fxﬁfn: [A]:] = wagc! [A] i q'lﬁa:gfnr [:}1] =
Fyag (4)

.(Vii)It follows from (vi).

(viii)

$agc2 (Fr,brxg (Hj) N $agc2 (ﬂﬂﬂgc: (Aj N
Yag,(X\4)) € pag,(Yag,(4))n
Yag,,(Yag, (X\A)) = Fy,, (4)

. Hence Fij, (A)is Peag-closed.

(ix)

Fyag (Fuag(A)) = agy (Fyes(4))
Wage, (X — Fyag(A)) € g, (Fyee(4)) =
Fyag (4)

(x)Using Theorem 3.4(iii), we get,
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Fiag [11£"ng91 (4) ) =yag, {;Elrxgm AN
PGy (WG (4))) € Yag, (A\Yag,, (4) =
Fyag (4)

(xi)

Faj.ln:g [wﬂ:gd [A:]) = wagc! [%f’ﬂgc: [A]) -
Yag,, [‘Jﬁ!fxgc: (ﬂj) =
yag,,(4) —vag,, (vag,(4)) = pag,,(4) -
"'#agmr [Hj = F¢mg [A:]

'(xii)
A—Fy.(4)=
A— (Yag,(4) - Yag,, (4)) = vag,,, (4)

Definition:4.3 For a subset A of a space X,
Ext™¥297 (4) = ag,,, (X — A) is said to be Wag-
exterior of A.

Theorem:4.4 For subsets A of a space X, the following
statements hold:

() €x A VN e g-open.

(ii)

Ext V55 (4) = g, (X —A) =X —
U’ﬂﬂc:(ﬂ}

(iii)

Ext“V2Mett ™" (4)) =

Yagm r{ﬁ’ﬁﬁc: ":J‘l}:}

(V)If A © B, then Ext~¥%97 (4) o gxt™~¥%97 (B)
WEXt™VH”(X) = ¢

(vi)Ext ¥ ($) = X

(vii)(viii

Ext 7 (4) = Ext™" (X -

ext 4o (4))

(il Wag(4) © Ext<¥es” (Ext{"b“"g} (A})
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(%)
X = Pagp(A) U Ext™ ¥ (4 u
Fwag 1:,51}

Proof:

(1)Obvious.
(ii)It follows from the Theorem 3.4 (vi).

(iii)
Ext<bag> (er{*"f@(,q]) =

Ext~¥29” (Yag,, (X\A)) = wag, (X\
tf’ﬂlgmr [Xlll\."q]) = $agfnr [L{Iagc! (}1]) =
¢agfnr (Hj

(iv)Assume that 4 © B. Then

Ext*¥%0” (B) = yagy, (X\B) € pag, (X\
A) = Ext™¥=97(4)

by using Theorem (3.4)(vii).

(v)

Ext V%97 (AU B) = ag, (X\(ANB)) =
Yag, ((X\A4) v (X\B)) 2 Yag,, (X\A) U

Yag,,, (X\B) = Ext™¥%87(4) U Ext~¥=9~(R).

(vi) and (vii) are obvious.
(viii)

ext*bas> (x — ext™¥a9> (4)) =

Ext 8™ (X — Yag,, (X — A4)) = Yagy, (X —

(X - wﬂ:gfnr (X - A]j] = lﬂfxﬂmr (_ﬁ’fngnr (X =2
A)) = pagy,, (X — A) = ext=+297 (4)

(ix)

ﬂbagfnt(‘qj - ¢a3£nr [¢agc![ﬂj) -

YaAG e [X — Yag, (X _‘4]) =vagmy,, (X -
Ext™¥a87 (4)) = ext™Veo (gxt<¥as7(4))

(x)obvious.
V. CONCLUSION

we introduced Yag-derived set, Warg-border, WY g-

frontier, 1'¢tg-exterior and further the relationship between

them are derived.
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