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1. INTRODUCTION

The word topology is used in the mathematical
discipline for a family of sets with certain
properties that are used to define a topological
space. In topology the notion of homeomorphism
is playing a very important role. Many researchers
in topological spaces have generalised the notion
of homeomorphism, g-homeomorphism, gc-
homeomorphism were introduced by
Maki.et.al.[5]. Nano topology was introduced by
LellisThivagar [4] and more, he investigated Nano
homeomorphism in Nano topological spaces.
Bhuvaneswari.et.al.[1] introduced and
distinguished some properties of Nano
generalised homeomorphism in Nano topological
spaces. K . MythiliGnanapriya[2] introduced some

properties in Nano generalised pre-
homeomorphism. In this paper, a new class of
homeomorphism called Nano p*g-
homeomorphism is introduced and some

properties are discussed.

II. PRELIMINARIES

Definition 2.1[3]: Let U be a non-empty finite set
of objects called the universe and R be an
equivalence relation on U named as the
indiscernibility relation. Then U is divided into
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disjoint equivalence classes. Elements belonging
to the same equivalence class are said to be
indiscernible with one another. The pair (U,R) is
said to be the approximation space. Let XCU

1. The lower approximation of X with respect to R
is the set of all objects, which can be for certainly
classified as X with respect to R and it is denoted
by Lr(X). That is, Lr(X) = U where R(x) denotes
the equivalence class determined by XeU.

2. The upper approximation of X with respect to R
is the set of all objects, which can be possibly
classified as X with respect to R and it is denoted
by Ur(X). That is Ur (X) = UU {R(x)RX)I X

=}

3. The boundary of X with respect to R is the set
of all objects, which can be classified neither as X
nor as not X with respect to R and it is denoted by
Bgr(X). That is Br(X)=Ur(X)-Lr(X).

Property: [3]: If (U, R) is an approximation
space and X, YEU, then

(1) Lr(X)EXSUr(X)

(i) L (©)=Ur(®)=0and Lr(U)=Ug(U)=U

(1) Ur (XUY)= Ur(X) UUR(Y)

(iv) Ur (XNY)SURr(X) N Ur(Y)

(v) Lr(XUY)2LRr(X) ULR(Y)

(vi) Lr(XNY)=Lr(X) N Lr(Y)
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(vil) Lr(X) €Lr(Y) and Ugr(X) SUgr(Y) whenever
XCY

(viii) Ug (XC) = [Lg(X)] C and Lg (XC) =
[Ur(X)] C

(ix) UrUr(X) =LrUr(X) =Ur(X)

(x) LRLr(X) =UrLgr(X) =Lr(X)

Research Article :

Definition 2.2[3]: Let U be non-empty, finite

universe of objects and R be an equivalence

Nano b-open if ASNcl(Nint(A))UNint(Ncl(A))
Nano regular-open if A=Nint(Ncl(A)).

Throughout this paper (U, tr(X)) is a Nano
topological space with respect to X where X S U,
R is equivalence relation on U, U/R denotes the
family of equivalence classes of U by R In this
section we define Nano *go- closed sets and
Nano p*g — closed sets and explain about Nano
p*g-homeomorphism.

Definition 2.6[5]: Abijective f: (x, 1) — (y, 0) is

relation on U. Let X € U. Let z-R(X)={U’®,calledageneralized homeomorphism

(g-homeomorphism) (5) if f is both g- continuous

Lr(X), Ur(X),Br(X)} Then 7 r(X) is a topology and g - open.

on U, called as the Nano topology with respect to
X. Elements of the Nano topology are known as
the Nano-open sets in U and U, 7 g(X)) (is called
the Nano topological space. [tr(X)]° is called as
the dual Nano topology of tr(X). Elements of [t
r(X)] are called as Nano closed sets.

Definition 2.3[3]: If tr(X) is the Nanotopology on
U with respect to X, then the set
B={U,Lr(X),Ur(X),Br(X)} is the basis for 7 g(X).
Definition 2.4[3]: If ( U r(X)) is a Nano
topological space with respect to X where XSU
and if ACU , then the Nano interior of A is
defined as the union of all Nano-open subsets of A
and it is denoted by Nint(A). That is Nint (A), is
the largest Nano open subset of A. The Nano
closure of A is defined as the intersection of all
Nano closed sets containing Aand is denoted by
Ncl (A). That is Ncl (A), is the smallest Nano
closed set containing A.

Definition 2.5[3]: Let (U, 7 r(X)) be a Nano
topological space and ASU. Then A is said to be
Nano semi open if A ©Ncl (Nint(A))

Nano pre-open if ACNint (Ncl(A))

Nano @ -open if ASNint (Ncl (Nint(A)))
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Definition 2.7[5]:A bijective f: (x, 1) — (y, 0) is
called a gc- homeomorphism if both f and f ' are
gc- irresolute functions.

Definition 2.8 [4]: A bijective f: (U, tr (X)) —
(V, 1 (Y)) is said to be Nano homeomorphism
if, fis 1-1 and onto, f is Nano continuous and f is
Nano open.

Definition 2.9[1]: A bijectivef: (U, tr (X)) —
(V,tr (Y)) is - called Nano  generalized
homeomorphism (Ng-homeomorphism) if f is
both Ng continuous and Ng-open.

Definition 2.10[2]: A bijective f:(U, tr (X)) —

( V,t g (Y)) is called Nano generalized pre
homeomorphism (Ngp-homeomorphism) if f is
both Ngp- continuous and Ngp-open.

Definition 2.11: A subset A of (U,1r(X)) is called
Nano *ga closed set (Briefly N*goa-closed) if
Ncl(A) €U and V is Nano ga- open in (U,tr(X)).
Definition 2.12 : A subset A of (U,1r(X)) is called
Nano pre star generalised closed sets (Briefly
Np*ga-closed) if Npcl(A) € U and V is Nano
*ga- open in (U,tr(X)).

Definition 2.13: A function f: (U, 1z (X)) —

(V, R (Y)) is Nano p*g- continuous if and only if
the inverse image of every Nano p*g- closed set in
V is Nano p*g-closed in U.
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L. NP*G- HOMEOMORPHISM

Definition 3.1: A function f: (U, 1 (X)) =

(V, tr (Y)) is said to beNp* g — homeomorphism
if

(1) f is one to one and onto

(i1) f is a Np*g — Continuous

(iii) f is Np*g — open.

Definition 3.2: A Mapf: (U, 1r (X)) —

( V,1r (Y))is said to beNano generalized p*g-
closed map if the image of every Nano closed set
in (U, tr (X)) is Np*g-closed in (V, tg (Y)).
Theorem3.3:Letf:(U,t g (X)) = (V, tr (Y)) be
an one to one and onto mapping. Then f is Np*g —
homeomorphism if and only if f is Np*g — closed
and Np*g- continuous.

Proof:

Let f: (U,tr (X)) =( V,tr(Y)) be a Np*g —
homeomorphism. Then f is Np*g — Continuous.
Let A be an arbitrary Nanoclosed set in

(U, tr (X)). Then U-A is Nano open. Since f is
Np*g —open. f (U-A) 1s Np*g- open in

(V, 1 g (Y)).That is V-f(A) is Np*g- open in
(V, tr (Y)). Hence f(A) is Np*g — closed in

(V, tx (Y)) for every Nano closed set A is

(U,tr (X)).Hencef: (U,tr (X)) = (V, = (Y))is
Np*g — closed.Conversely, let f be
Np*g — closed and Np*g — Continuous function.
Let G bea Nano open set in (U, tr (X )). Then U-
G is Nano closed in (U, tr (X)). Since f is Np*g-
closed, f(U-G) is Np*g closed in ( V,tg (Y)) .
That is f ( U-G) = V-F(G) isNp*g- closed in

(V, tg (Y)) for everyNano open set G in

(U,tr (X)). Thus , fis Np*g —open and hence
f:(U,tr (X)) = (V,1R' (Y)) isNp*g — homeomorp
hism.

Example 3.4: Let U = {a,b,c} with U/R = {{a},
{b,c}} andX={a,c},Then tr (X )={U,d,{a},{b,c}}.
Then = (Y)={ V, ¢,{b},{b,c}} withV/R= { V
,0,{b}, {b,c}} and Y={a,b}.Define f : ((U, =
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R(X) > (V. t r(Y)) as fla) =b, f(b) =a,
f(c)=c. Np*g -closed sets are
{U,0,{a},{b}.{c}.{a,b},{b,c},{a,c}}. Then f is
bijective, Np*g —continuous and Np*g -open.
Therefore f is an Np*g homomorphism.

Theorem 3.5: Let f: (U, tr (X)) —

(V, e (Y)) bea bijective.Np*g - continuous
map. Then the following are equivalent:

()f is an Np*g - open map.

(11) f is an Np*g - homeomorphism.

(i11)f is an Np*g - closed map.

Proof:

(i) —(ii) By the given hypothesis, the map

f: (U, tr (X)) = (V, tr (Y)) is bijectiveNp*g -
continuous andNp*g — open . Hence

f:(Utr (X)) = (V,ir (Y)) s

Np*g — homeomorphism.

(ii) —(iii) Let A be the Nano closed set is

(U,tr (X)). Then A°is Nano openis

(U, tr (X)) .By assumption, f (A) is Np*g — open
in(V, tg (Y)). That is f(A®) = (f(A)) © is Np*g —
open in (V, T g (Y ))and hence f(A) is Np*g —
closed in (V, g (Y)) for every Nano closed set A
in (U, T (X)). Hence the function

f: (U, 1 (X)) =V, Tr (Y)) isNp*g — closed
map.

(iif) —(i) Let B be a Nano open set in

(U, tr (X)). Then B isNano closed set in

(U, t R (X)). By the given hypothesis, f (B®)is
Np*g—closed in (V, 1 r (Y)). But

f BY)=( f (B))° isNp*g closed . That f (B)
isNp*g — open in (V, 1t g (Y)) for every Nano
open set B in ((U, Tr (X )). Hence

f: (U, tr(X)) = (V, Tr (Y )) is Np*g — open
map.

Theorem 3.6: Every Nanohomeomorphism
is Np*g- homeomorphism but not conversely.
Proof:
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If f: (U, 1 x(X)=(V, t r(Y)) is Nano
homeomorphism, by definition 3.1, f is bijective,
Nanocontinuous and Nano open. Thenf: ((U, t
R (X)) = (Vg (Y)) isNp*g - continuous and
Np*g- open respectively. Hence the function
f(Ur r(X)=(Vt g(Y)) is Np*g -
homeomorphism. Every Nano continuous function
is Np*g-continuous and every Nano open map
is Np*g- open.Then f is bijective, Np*g-
continuousand Np*g- open.Therefore f isNp*g-
homeomorphism.

In the converse part through example we
have to prove that f is Np*g- homemorphism but
not Nanohomeomophism.

Example 3.7: Let U= {a,b,c,d} with U/R = {{a},
{c},{bd}}. Let X = {a,b}SUand 1 r (X)={
U,¢,{ a },{a,b,d}, {b,d}}.Let V = {w,x,y,z} with
V/R'={{ x}, {w}, {y,z}}. Let Y = {x,z}S Vand
R (Y)={ V,0, {x}.{xy.z}.{y,z}} Define f:
(U, w (X)) = (V, w(Y)) is f(a) =y f(b) =x,f(c)
= w,f(d) =z. Then f is one to one, onto and Np*g is
open and Np*g is continuous. So that f:
U wX)-> (V. w(Y) is Np*g -
homeomorphism.

Now f'(V) = U, ! (0)=0,f" (x)={b}, f'{y.z}=
{a,d}, fl{x,y,z}: {a,b,d}. Hence the inverse
images of Nano p*g-open in (V, tr' (Y )) are not
Nano p*g-open in (U, 1 (X)) and hence f is not
Nano p*g-continuous. Thus the map f:(U,t
R(X)) = (V, w® (Y)) is
notNanohomeomorphism.

Remark 3.8: The composition of two Np*g-
homeomorphism need not be  aNp*g-
homeomorphism as seen from the example.
Example3.9:Let(U, tr (X)), (V,tr(Y )) and

(W, TR (Z)) be three Nano topological spaces and
let U=V =W = {ab,c} then 1 r (X)={¢,{b},
{a,c}, U } with U/R = {{b}, {a,c}} and x = {b,c}.
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wR'(Y)={¢,{a}, {b,c}, V } with V/R' = {{a},
{b,c}}and Y = {a,c}.

TR "(Z)={0¢,{a,c}, W} with W/R" = {{a}, {b,c}}
and z = {a}.
Define two functions

f:(U, r (X)) = (V. (Y)) andg:(V,tr '(Y)) =
(W,tr (Z)) as f (a) = a, f(b) = b, f(c) = ¢ and g(a)
=a, g(b) =b, g(c) = c. Here the functionf and g are
Np*g- continuous and bijective. Also the image of
every Nano open set in (U, 1r (X)) is Np*g-open
in (V,1r (Y)).That isNp*g-open =
{U,0,{b},{a,b},{b,c}.{a,c}. That is f{b} = {b},
f{a,c} = {b,c}. Thus the
functionf:(U,tr (X)) = (V,tr (Y))is Np*g- open
and thus Np*g- homeomorphism. The map g:
(V, R'(Y)) =>(W, R (Z)) is also Np*g-
continuous, bijective and open. Hence g is also
Np*g- homeomorphism. But their composition
gof : (V, 1R'(Y)) = (W, R (Z))is not a Np*g-
homeomorphism. Because for the Nano open set
A= {ab}in (W, (2), (gof) '(A) =
f'(g'({c}))=f'{c} = {c} is not in Np*g open in
(U, tr (X)). Hence the composition

gof : (U, 1 r (X)) = (W, T r (Z))is not Np*g-
continuous and thus not a Np*g- homeomorphism.

Thus the composition of two Np*g-
homeomorphism need not be a Np*g-
homeomorphism.

Theorm 3.10: Every Np*g — homeomorphism is
Ngp -homeomorphism.

Proof:

If f (U, tr(X)) = (V,tr(Y)) is Nano p*g-
homeomorphism, By definition 3.1f is bijective,
Nano p*g- continous and Nano p*g open.
Thenf:(U,t g (X)) = (V,t (Y)) isNgp- continuous
and Ngp-open respectively. Hence the function

f: (U,t r(X )= (V, T g (Y)) is an Ngp-
homeomorphism. Therefore every Nano p*g-
homeomorphism is Ngp- homeomorphism.
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Remark 3.11: We obtain the following
implication form the above discussion.

Nep bomeomorplism

Neno homeomarphiss :/3 Np*ghomeomoplism  Ng-homeomorphism.

V. CONCLUSION

In this paper some of the properties of Nano
p*g homeomorphismarediscussed. This shall be
extended in the future Research with
someapplication.
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