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Abstract: Let G = ( 'V, E ) be a connected graph. A subset D of V is called a dominating set if every vertex in V-D is
adjacent to some vertex in D. A dominating set D of G is called a neighborhood tree dominating set (ntr-set), if the
induced subgraph ( N(D) ) is a tree. The minimum cardinality of a ntr-set of G is called the neighborhood tree
domination number of G and is denoted by 7,(G). The connectivity k(G) of G is the minimum number of vertices whose
removal results in a disconnected or trivial graph. A partition {V{, V,, V3, ... ,V,} of V(G), in which each V; is a ntr - set
in G is called a neighborhood tree domatic partition of simply ntr partition of G. The maximum order of a ntr - partition
of G is called the neighborhood tree domatic number of G and is denoted by d(G).

In this paper, we find an upper bound for the sum of the neighborhood tree domination number and
connectivity of a graph and to find bounds for d,,(G) and its exact value for some particular classes of graphs are
studied.
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dominating set D of G is called a tree dominating set, if the
induced subgraph ( D ) is tree. The minimum cardinality of

INTRODUCTION a tree dominating set of G is called the tree domination
The graph G = (V, E), we mean a finite, undirected, number of G and is denoted by v,(G). S. Arumugam and C.
connected simple graph. The order and size of G are Sivagnanam introduced the concepts of neighborhood
denoted by n and m respectively. The open neighborhood connected and neighborhood total domination in
and the closed neighborhood of veV are denoted by N(v) graphs[1,2]. A dominating set D of G is called a
and N[v] = N(v)U {v} respectively. If DCV, then neighborhood connected dominating set (ncd-set), if the
N(D)= U N(v) and N[D] = N(D) U D. indu.ced.subgraph ({ N(D) ) is. connected. Thf? minimum
veD cardinality of a ncd-set of G is called the neighborhood
The study of domination in graphs has found rapid connected domination number of G and is denoted by
growth in the recent years. It is a highly flourishing area of Ync(G).
research in graph theory. So far, hundreds of research A dominating set D of G is called a neighborhood
articles have appeared on this topic of research in view of total dominating set, if the induced subgraph ( N(D) ) has
its growing real life application. no isolated vertices. The minimum cardinality of a ntd-set
of G is called the neighborhood total domination number of
A subset D of V is called a dominating set of G if G and is denoted by Y,4(G).
N[D] = V. The minimum cardinality of a minimal
dominating set of G is called the domination number of G We introduced the concept of neighborhood tree
and is denoted by y(G). An excellent treatment of the dominating set in [6]. Zelinka[10] studied the connected
fundamentals of domination is given in the book by Haynes domatic number of a graph. Chen et al. [9] studied the tree
et al. [4]. A survey of several advanced topics in domatic number of a graph.

domination is given in the book edited by Haynes et al. [5].
A dominating set D of a connected graph G is
Xuegang Chen, Liang Sun and Alice McRac [8] called a neighborhood tree dominating set(ntr-set), if the
introduced the concept of tree domination in graphs. A induced subgraph ( N(D) ) is a tree. The minimum

All Rights Reserved © 2018 IJARTET 956


http://www.ijartet.com/

"V Vol. 5,Special Issue 12, April 2018
cardinality of a ntr-set of G is called the
neighborhood tree domination number of G and is denoted
by Yuu(G). The tree domatic number of G is the maximum
number of pairwise disjoint tree dominating sets in V(G)
and is denoted by d,(G).

A partition {Vy, V,, V3, ..., V,} of V(G), in which
each V; is a ntr - set in G is called a neighborhood tree
domatic partition of simply ntr partition of G. the
maximum order of a ntr partition of G is called the
neighborhood tree domatic number of G and is denoted by
d,:(G). The connectivity k(G) of G is the minimum number
of vertices whose removal results in a disconnected or
trivial graph.

In this paper, we find an upper bound for the sum
of the neighborhood tree domination number and
connectivity of a graph and to find bounds for d,(G) and
its exact value for some particular classes of graphs are
studied.

2. PRIOR RESULTS

THEOREM: 2.1[6] Let G be a connected graph on n > 3
vertices. Then 0 < y,,(G) <n — 1 and y,,(G) = n — 1 iff
G =P,

THEOREM: 2.2[1] For any graph G, k(G) < 3(G).
3. MAIN RESULTS

THEOREM: 3.1 For any connected graph G with n
vertices, ¥, (G) + «(G) <2n—-3,n>3.

PROOF:
By theorem 2.1 and 2.2,
Yu(G) + K(G)<n—-1+8(G)<n—-1+n-1<2n
- 2.
If y0(G) + k(G) = 2n — 2, then the following cases are to be
considered.
1) Ym(G)=nand k(G) =n - 2.
(1) Yn(G)=n—-1landx(G)=n-1
Since y,(G) < n — 1 the case (ii) alone be
considered. But v,,(G) = n — 1 iff G = P; and «(P;) = 1#
n — 1.Therefore, there is no connected graph G with v,,(G)
+ k(G) = 2n — 2. Hence, y,(G) + ©«(G) <2n—-3,n>3.

THEOREM: 3.2 Let G be a connected graph. Then
Yo(G) + (G) = 2n — 3 (n > 3) if and only if G is

isomorphic to one of the graphs C; and P;.

PROOF:
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If G = P; then v,,(G) = 2 and «(G) = 1 and hence
Yoe(G) + k(G) =3 =2n 3.
If G = C; then y,,(G) = 1 and k(G) = 2 and
Yo G) +(G) =3 =2n - 3.
Conversely, assume v,,(G) + «(G) = 2n - 3, for
n > 3. Then the following cases are to considered.
i) Ynl(G)=nand k(G)=n-3
(i) Vne(G)=n-1and «(G)=n-2
(>iii) Y4e(G) =n—-2 and «(G) =n — 1.

Case(i): Yn(G) =n and k(G) =n — 3.
Since for any connected graph G, v,,(G) < n—1,
this case is not possible.

Case(ii): Yau(G) =n — 1 and k(G) =n — 2
Yue(G) = n—1 if and only if G = Pyand x(P3) = 1 =
n — 2. Therefore G = P;.

Case(iii): Ypo(G) =n—2 and k(G) =n — 1.

If K(G) =n - I,then G = K,, n> 3.But y,,(G) =0
for G = K, n > 4. Therefore, G = K; (or) C3. Also v,,(C3) =
l=n-2.

Therefore, from case(ii) and case(iii), G = P; (or) Cs.

THEOREM: 3.3 There is no connected graph G with
Yue(G) +x(G) = 2n — 4, where n > 3.

PROOF:
Assume 7,(G) t+ «(G) = 2n — 4, n > 3. Then the

following cases are to be considered.

(1) Yu(G)=nand x(G)=n-4

(i) Ve(G)=n-1and x(G)=n-3

(iii) ¥ne(G)=n -2 and x(G) =n -2

@1V) ¥ne(G)=n—-3 and «(G) =n — 1
There is no connected graph G with y,,(G) =n, k(G) =n —
4 and v,,(G) =n—-1,k(G)=n-3.

Case(iii): yY,o(G) =n — 2 =«(G)

Since k(G) £ 8(G), 6(G) > n - 2.

(@) If 8(G) > n — 2, then G =z K,, n > 3.But
Yur(G) = 0 for G = K, n > 4. Therefore, G = K;, and
k(K3)=2#n-2.

(b) Assume 6(G) =n — 2. Then G is isomorphic to
K,—Y where Y is a matching in K,, n > 3 and y,(G) < 2.If
Yue(G) =2 = n — 2 then n = 4.Therefore, G = K, — e, Cy. If
G = Cy, then y,(G) = 0. If G = K, — e, then v,,(G) = 1# n -
2. If y,(G) <2, then n — 2 < 2.That is,
n < 3. Therefore n = 3 and G = P; (or) C;. If G = P;,
You(P3) =n - 1.IfG=C; k(C3) =2 #n - 2.
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Case(iv): ¥,o(G)=n—-3 and k(G) =n— 1

If6(G) =n — 1, then G = K, n > 3. But v,(K,) =
0 for n > 4. Therefore, G = K; and v,(G) = 7,.(K3) = 1
# n — 3. Therefore, there is no connected graph G with
Yuu(G) + K(G) = 2n - 4.

THEOREM: 3.4 For any connected graph G, 7,.(G) + «(G)
=2n-5(n=>4)ifand only if G = K4, — e, Ks—{ey, e,}.

PROOF:
Assume v, (G) + x(G) = 2n — 5, then the

following cases are to be considered.

1) Yu(G)=nand «(G)=n-5

(1) Yn(G)=n—-1and «(G)=n-4

(iii) ¥ye(G) =n—2 and «(G) =n -3

@iv) Yne(G)=n—-3 and «(G) =n -2

") Ya(G)=n—-4and «(G)=n-1
There is no connected graph G satisfying (i), (ii), and (v).

Vi V2 v Vi V2
X1 X2 X3 X1 X2 X3
G1 G2
X1
Vi
X3
Gs

Case (111) Yntr(G) =n-2and K(G) =n-3

Then 8(G) > n — 3, since k(G) < 8(G). If 8(G) =
n— 1, then G = K, n > 4. But y,(K,) = 0 for n > 4. If 5(G)
n — 2, then G is isomorphic to K, — Y, where Y is
matching in K. Then y,(G) < 2. If y,,(G) = 2, then n = 4.
Therefore Ky —e, C;. If G = Cy, 7, (Cy) = 0.If G = Ky — e
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k(K4—e) =1 #n — 2. Therefore, G = P,. If y,.(G) < 2, then
n<3.But n>4. Therefore, 5(G) =n— 3.

Let X = {vy, vy, V3, ...,v,3} be a vertex cut of G
and V — X = {x, Xy, X3}.

Subcase: 3.1( V- X )= K,

Since 6(G) = n — 3, each vertex in V — X is
adjacent to all the vertices of X.

()Assume E((X)) = ¢. If [X| = 4, then ( X )
contains atleast one edge. Therefore, [X| < 3. Hence,
G = Ksz, Koz or K3 But y,0(Ks3) = yau(Ks3) = 0.
Therefore, G = K 3.

(2) Let E({(X)) # ¢. Let { X ) contains exactly one
edge say (vq, vo)e E({X)). Then {vy, v,, ...,v,3} is a ntr -
set of G and hence v,(G) < n — 4. If ( X ) is a tree, then
V —Xis antr - set of G and hence v,,(G) <|V - X|=3.

That is., n — 2 <3 = n <5 and hence |X| < 2. If
|X| =2, then G = K,+ 3 K, If [X| =2, then G = K. If [X]
contains_atleast two edge and ( X ) is not a tree, then
Yntr(G) =0.

V2 Vi V2
X3 X3 X1 X2 X3
G
3 G 4

Subcase: 3.2(V-X)=zK, UK.

Let (x;, X2)€E(G). Since 6(G) = n — 3, X3 is
adjacent to all the vertices in X. That is, d(x3) =n — 3.
(1) E(X)) = ¢. Therefore, d(v;) <3,i=1,2,...,n—3.
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=36G)<dwvi)<3=>n-3<
3=>n<6
= |X|<3.
(a) |X|=3. Then | V(G) |=6and 8(G) =n — 3 < 3.
Each vertex in X is adjacent to all the vertices of
V- X.If G = Gy, then 7,(G) =2 #n - 2.

(b) |X|=2.Then|V(G)|=5and 8(G) =n—-3<2.If
G = G, and d(x;) = d(x;) = 3 and d(x3) = 2 and
then y,(Gy) =2 #n - 2. If G = G; and d(x;) =3
and d(x,) = d(x3) = 2 and then 7,,(G3) =2 #n — 2.
If G 2 G4 and d(x;) = d(X,) = d(x3) = 2 and then
Yu(Ga) = 0.

(¢) [X|=1.Then|V(G) |=4and 8(G)=n-3 <1.If
G = Gs and d(x;) = d(x,) = 2 and d(x3) = 1 and
then y,,(Gs) =2 =n-2.

(2). E{X)) # ¢. Since 8(G) = n — 3, d(xy), d(x5) > n — 3.
Therefore, X, X, are adjacent to atleast (n — 4) vertices of
Vi, Va, V3, ... ,Vp3. Let d(x)) = d(xp) = n — 2. If { X )
contains an edge, then any dominating set D of G
containing (n — 2) vertices, ( N(D) ) contains a cycle and
hence v,,(G) = 0. Let d(x;) = d(x;) =n — 3 and (v,_4, Vy_3)
€ E(G). Let x,; be adjacent to vy, Vs, V3, ...,V,4. Then {vy,
Vo, V3, ...,Vh4} is a ntr-set of G and v,,(G) < n — 4. Let
d(x;) =n — 2, d(x;) = n — 3 and let x, be non adjacent to
Vnoz. Then {v;, Vo, V3, ..., Vu4} iS a ntr-set of G and
Yu(G) < n — 4. If (X) contains atleast two edges then
Yntr(G) =0.

Subcase: 3.3(V-X)z=Ps
(1) IfE( X)) = ¢, then X is an ntr-set of G and hence
Yntr(G)S |X|=I’1—3.
2) If E X)) # ¢, and if (X) contains exactly one
edge, then v,.(G) < n — 4. If E(X)) # ¢, and if
( X') contains exactly two edge, then y,(G) = 0.

Subcase: 3.4(V-X)=C;

Then any dominating set D of G containing
(n — 2) vertices contain a cycle and hence v,,(G) = 0.
case (iv): Yn(G) =n — 3 and kK(G) =n — 2

Therefore, 3(G) >n — 2. If 5(G) =n— 1, then Gz K, n > 4.
But y,(K;) = 0, n > 4. Let 6(G) = n — 2. Then G is
isomorphic to K, -Y, where Y is a matching in G, n >4 and
You(G) £ 2. If y,(G) = 2, then n = 5. Therefore, G = Ks— ¢
(or) Ks— (e, e,), where (ey, e,) is a matching. If G = K5 —e,
then v,(G) = 0. If G = K5 — (e, e,), then v,,(G) =2=n-3
and k(G) =3 =n — 2. If y,,(G) = 1, then n = 4. Therefore,

ISSN 2394-3777 (Print)
ISSN 2394-3785 (Online)
Available online at www.ijartet.com

-/ . International Journal of Advanced Research Trends in Engineering and Technology (IJARTET)

G = Ky — e, C4. But y,o((Cy) =0. If G = K4 — e, then
Yoe(G)=1=n-3 and k(G) =2 =n—2.

4. NEIGHBORHOOD TREE DOMATIC NUMBER

In this section we define a new parameter known
as neighborhood tree domatic partition of a given graph
and study that parameter.

DEFINITION: 4.1

A domatic partition of G is a partition {V,, V,,
Vi, ... ,V,} of V(G), in which each V; is a dominating set
of G. The maximum order of a domatic partition of G is
called the domatic number of G and is denoted by d(G).

DEFINITION: 4.2

A partition {Vy, V,, V3, ..., V,} of V(G), in which
each V; is a ncd - set in G is called a neighborhood
connected domatic partition of simply ncd partition of G.
the maximum order of a ncd partition of G is called the
neighborhood connected domatic number of G and is
denoted by d,.4(G).

DEFINITION: 4.3

A partition {Vy, V,, V3, ... ,V,} of V(G), in which
each V; is a ntr -set in G is called a neighborhood tree
domatic partition of simply ntr partition of G. the
maximum order of a ntr partition of G is called the
neighborhood tree domatic number of G and is denoted by
d(G):

EXAMPLE: 4.1

@ L @
Vi Va2 V3 V4

Di={vi,v},V-Di={vyv3}
Dy= { V2, V3 b, due(G) =2

REMARKS:
a) If G = C;s, then d(G) = d,,(G) = «(G) where k(G)
is the connectivity of G.

b) Since any tree domatic partition of G is a ntr —
domatic partition, we have
du(G) < d\(G) < d(G).
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¢) Let veV(G) and d(v) = 9. Since
any ntr — set of G must contains either v (or)
neighbor of v, it follows that d,(G) < 8(G) + 1.

EXAMPLE 4.2:

V2

Vi V3

dntr(G) S 8 (G) + 1 = 3
d(G) = dw(G) =K(G) =3

Now we give some observations, theorems relating
neighborhood tree domatic numbers of some classes of
graphs.

Observation: 4.1

If { Vy, V, ... ,Vdy} is a neighborhood tree
domatic partition of G. Since |V,| > v, for each k, it
follows that v,.(G). dyw(G) < n.

EXAMPLE 4.3:
If G = G, o K| where G is any tree then d,(G) =
2 and v,,(G) = n/2an hence v,(G). d,(G) = n.

THEOREM : 4.1
For any connected graph G, LdG)2] < due(G) <
d(G) and the bounds are sharp.

PROOF:

Since every neighborhood tree dominating set, we
have d,(G) < d(G). Further, since the union of two disjoint
dominating sets is a neighborhood tree dominating set, we
have , Ld(G)/2] < duu(G).

Also for the graphs G = P;, Ky - 1, I 0o T 5
ldG)2) = du(G). For the graph G = K; ,
dye(G) = d(G) =3.

THEOREM: 4.2

(G)SL and the

ntr

If ¥,(G) > 0, then d

ntr

bound is sharp.
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PROOF:

Let{D;, D,, ,D¢} is a partition of V(G) into k
neighborhood tree dominating sets, such thatb , d,(G) = k.
Since each ( N(D;) ) is a neighborhood tree dominating set,
it follows that , v,.(G) < | D;| for 1 <i<k.

Thus, n= Z|Di| 27,.(G).k

I<i<k

THEOREM: 4.3
For the path P, (n > 4), we have
1 if nisodd
d,.P)=1, . :
2 if niseven

PROOF:
Let V(P,) = {vy, va, v3, ..., vy}

If nis odd, V(P,) is the only ntr — set. Suppose n is

even, it follows from remarks that d,(P,) < 2.
Now, let

H

S=¥ V4i—2’V4i—1} and
i=1
S n=0(mod4)
eV, = SUV,  n=1,2(mod4)

Su{v V} n=3(mod4)

n-1° "' n

Then {V,, V- V;} is a ntr- domatic partition of P, and
hence d,(P,) = 2.

Observation 4.2:
For the cycle C, (n > 3), we have

4 (C)= 3 if n=3
MR ) if n=4k+2,k>1

Observation 4.3: d,(K; 1) =1,n>3.
Observation 4.4: d,(Sp, ) =2, m,n > 1.
Observation 4.5: d, (P, K;) =2, n>2.
Observation 4.6: d,(P,+ K;) =3, n> 2.

2 if n=4

Observation 4.7: dmr(Pn)Z{O i n>4
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Observation 4.8: d . ( CG) =3
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