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Abstract: A subset D of the vertex set V(G) of a graph G is said to be a dominating set if every vertex not in D is adjacent
to at least one vertex in D. A dominating set D is said to be an eccentric dominating set if for every v € V-D, there exists
at least one eccentric vertex of v in D. An eccentric dominating set S of G is an isolate eccentric dominating set if the
induced subgraph (S) has atleast one isolated vertex. The minimum of the cardinality of the isolate eccentric dominating
set of G is called the isolate eccentric domination number 7,.q(G). In this paper, we obtain some bounds for 7,.4(G). Exact
values of v,.4(G) for some particular classes of graphs are obtained.
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I. INTRODUCTION

Let G be a finite, simple, undirected (p, q) graph with
vertex set V(G) and edge set E(G). For graph theoretic
terminology refer to Harary [5], Buckly and Harary [3].

Janakiraman, Bhanumathi and Muthammai [6]
introduced Eccentric domination in Graphs. Sahul Hamid and
Balamurugan studied the concept of Isolate domination in
graphs [7, 8, 9].

DEFINITION 1.1: Let G be a connected graph and v be a
vertex of G. The eccentricity e(v) of v is the distance to a
vertex farthest from v. Thus, e(v) = max{d(u, v) :u € V}. The
radius r(G) is the minimum eccentricity of the vertices,
whereas the diameter diam(G) = d(G) is the maximum
eccentricity. For any connected graph G, 1(G) < diam(G) <
2r(G). The vertex v is a central vertex if e(v) = r(G). The
center C(G) is the set of all central vertices. For a vertex v,
each vertex at a distance e(v) from v is an eccentric vertex of
v. Eccentric set of a vertex v is defined as E(v) = {u € V(G) /
d(u, v) =e(v)}.

DEFINITION 1.2 [4, 10]: A set D < V is said to be a
dominating set in G if every vertex in V-D is adjacent to
some vertex in D. The minimum cardinality of a dominating
set is called the domination number and is denoted by y(G).

DEFINITION 1.3 [1]: A subset S < V(G) is called an isolate
set if the subgraph induced by S has an isolated vertex. This
set S is an isolate dominating set if it is both isolate and

dominating. The minimum cardinality of an isolate
dominating set is called the isolate domination number and is
denoted by 7,(G).

DEFINITION 14 [6]: A set D < V(G) is an eccentric
dominating set if D is a dominating set of G and for every v €
V-D, there exists at least one eccentric vertex of v in D. The
minimum cardinality of an eccentric dominating set is called
the eccentric domination number and is denoted by v.4(G). If
D is an eccentric dominating set, then every superset D'> D is
also an eccentric dominating set.

THEOREM: 1.1 [4] For any graph G, [ p/(1+A(G)) 1< ¥(G) <
p—A(G).

THEOREM: 1.2 [6] yey(K,) = 1.
THEOREM: 1.3 [6]

m i p=3k+l
]/ed(PP):
MH i p=3k or p=3k+2

THEOREM: 1.4 [6] (i) yea(C,) = p/2 if p is even.
(ii) Yea(Cp) = [ p/3 Tor [p/3 T+1 if p is odd.

THEOREM: 1.5 [9] v,(P,) =[p/3 .

THEOREM: 1.6 [9] v,(C,) = p/3.

II. ISOLATE ECCENTRIC DOMINATION IN
GRAPHS
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Now, we define isolate eccentric dominating set of a
graph as follows.

A set S < V(G) is a isolate eccentric dominating set if S is
an eccentric dominating set and also the induced sub graph (S)
has atleast one isolated vertex. The minimum of the
cardinality of the isolate eccentric dominating set of G is
called the isolate eccentric domination number Yo.q4(G).

In this section, we study the isolate eccentric domination
number for some graphs G.

ObViOllSly, Y(G) < YO(G) < YOed(G) and Yed(G) < Yoed(G)'

EXAMPLE: 2.1

V4 VG

Fig.1

S1 = {va, V7, Vio} is a dominating set of G and also an isolate
dominating set of G. Y(G) = 7,(G) = 3.

S, = {V1, V4, V7, Vio} is an eccentric dominating set of G and
also an isolate eccentric dominating set of G. Yeq(G) = Yoed(G)

=4.

EXAMPLE: 2.2

Fig.2
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S1 = {V1, V2, V3, V4, Vs, Ve } is a dominating set of G, y(G) = 6.

Sy = {vi, V2, V3, V4, Vs, Vis} 1S an isolate dominating set of G,
Yo(G) = 6.

Sz = {Vv7, Vg, Vo, Vio, Vi1, Vi2, Vi3, Vig, Vis} IS an eccentric
dominating set of G and also an isolate eccentric dominating
set of G. Yed(G) = YOed(G) =9.

OBSERVATION: 2.1 For any graph G, 1 <y,.4(G) <p.
The bounds are sharp, since Y,.q(G) = 1 if and only if

G =K and y,.q(G) = p if and only if G = K_p

PROPOSITION: 2.1
(1) Yoed(Kp) =1.

(ii) Yoed(K1, p) =p.
(lll) Yoed(Pp°Kl) =p.
(IV) Yoed(cp°Kl) =p.

THEOREM: 2.1

%} if p=3k+1

ﬂﬂ if  p=3k or p=3k+2

Voed\By )= {

PROOF:

Case(i) p = 3m

S = {Vvi, V4, V7, ..., Vama, Vam} is the minimum
eccentric dominating set in P,. (S) contains isolated vertices.
Hence S is also an isolate eccentric dominating set.

Therefore, Yoea(Pp) = Yea(Pp) = |—p/3—|+1.

Case(ii) p = 3m+1

S = {Vi, V4, V7, ..., Vamoo, V3mer} 1S the minimum
eccentric dominating set in P,. (S) contains isolated vertices.
Hence S is also an isolate eccentric dominating set.

Therefore, Yoea(Pp) = Yea(Pp) = |—p/3—|.

Case(iii) p = 3m+2

S = {v1, V2, V5, Vg, ..., V3m_1> V3ms2} 1S the minimum
eccentric dominating set in P,,. (S) contains isolated vertices.
Hence S is also an isolate eccentric dominating set.

Therefore, Yoed(Pp) = Yea(Pp) = |—p/3—|+1.

Example:

Vv, A% V; V. V,
s P o b : y
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S = {vi, V4 Ve} is a dominating set of Pg an isolate
dominating set of Pg, an eccentric dominating set of Pg
and also an isolate eccentric dominating set of Pe.

Y(Ps) = Yo(P6) = Yea(Ps) = Yoea(Ps) = 3.

THEOREM: 2.2 (A) Yoea(C,) = p/2 if p is even.
(B) Yoea(Cp) = p/3 Tor [ p/3 1 if p is odd.
PROOF:

Proof of (A):

If p = 4, any two adjacent vertices of C, is an eccentric
dominating set of C4 but does not exists an isolate eccentric
dominating set in C,.

Letp=2mand m > 2.

Let the cycle C, be v;vyv3...vonvy. Each vertex of C,
has exactly one eccentric vertex (that is C, is unique eccentric
vertex graph).

HCHCC, YOed(Cp) 2 Yed(cp) 2 P/2 (1)

Case(i) m-odd.

S ={vi, V3, ..y Vm, Vins2> ---» Vo1} 1S the minimum
eccentric dominating set in C,. (S) contains isolated vertices.
Hence S is also an isolate eccentric dominating set.

Therefore, Y,ed(Cp) < p/2. 2)

From (1) and (2), y,ed(Cp) = p/2.

Case(ii) m-even.

S ={Vvi, V3, .., Vi1, Vime2, ..., Vom} 1S the minimum
eccentric dominating set in C,. (S) contains isolated vertices.
Hence S is also an isolate eccentric dominating set.

Therefore, Y,e4(Cp) < p/2. 3)
From (1) and (3), Yea(Cp) = p/2.

Proof of (B):

When p is odd, each vertex of C, has exactly two
eccentric vertices. If p = 2m+1, v;e V(G) has Viym, Visms1 aS
eccentric vertices.

Case(i) p = 3n, p-odd = n-odd.

S = {vy, V& V7, ..ty Vi Va3, ..., Vom_i} 1S the
minimum eccentric dominating set in C,. (S) contains isolated
vertices. Hence S is also an isolate eccentric dominating set.

Therefore, y,.4(Cp) = p/3.

Case(ii) p = 3n+1, p-odd = n-even.
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S = {Vl, V4s oo Vintls Vimt3s Vm+6s . V2m—l} is the
minimum eccentric dominating set in C,. (S) contains isolated
vertices. Hence S is also an isolate eccentric dominating set.

Therefore, Y,0a(Cp) = rp/3—|.

Case(iii) p = 3n+2 = 3n-odd = n-odd.

S = {Vl, V4s ooy Vin1s Vs Vi3 cey V2m+1} is the
minimum eccentric dominating set in C,. (S) contains isolated
vertices. Hence S is also an isolate eccentric dominating set.

Therefore, Y,04(Cp) = rp/3—| +1.

Example:
Vi
\Y%
8 v,
V7 V3
V6 V4
Vs
Cs

S1 = {vy, v4, v7} is a dominating set of Cg and also an isolate
dominating set of Cg. y(Cg) =y, (Cg) = 3.

S, = {Vv1, V3, Vs, Vg} is an eccentric dominating set of Cg and
also an isolate eccentric dominating set of Cg.

Yed(Cg) = Yoea(Cs) = 4.

THEOREM: 2.3 If G is self-centered of diameter two, then
Yoed(G) < (p—deggw+1)/2, if there exists we V(G) with S <
N,(w) such that vertices in N;(w) and N,(w) — S has eccentric
vertices in S.

PROOF: Let we V(G) such that degg w = 8(G). w and N»(w)
dominates all other vertices of G. Let S be a subset of N,(w)
with minimum cardinality such that vertices in N;(w) and
No(w) — S has their eccentric vertices in S. Then
Is|<INyw) 172 < (p - degg w — 1)/2. Now {w}US is an
isolate eccentric dominating set of G. Since w is an isolated
vertex of {({w}US).
Hence, Yoea(G) < lwl+]s|
<1+ (p—-deggw—1)/2
<(p—deggw + 1)/2.
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THEOREM: 2.4 If G is of radius two and diameter three and
if G has a pendant vertex h of eccentricity three then y,4(G) <
A(G).

PROOF: If G has a pendant vertex h of eccentricity three then
its support f is of eccentricity two. In this case, N(f) is an
isolate eccentric dominating set, since h is an isolated vertex
in (N(f)).

Thus, Y,.4(G) < degg (f) < A(G).

THEOREM: 2.5 If G is of radius two with a unique central
verteX w then Y,.4(G) < p — deg(w).

PROOF: If G is of radius two with a unique central vertex w
then w dominates N[w] and the vertices in V — N[w] dominate
themselves and each vertex in N[w] has eccentric vertices in
V — N[w] only. Therefore, D = V — N(w) is an eccentric
dominating set and w is an isolated vertex of (D).

Thus’ YOCd(G) < p- deg(w)

COROLLARY: 2.1 If T is a unicentral tree of radius two, then
Yoed(T) < p — deg(w), where w is the central vertex.

THEOREM: 2.6 If H is any self-centered unique eccentric
point graph with t vertices and G = H.2Kj, then y,.4(G) = 2p/3
where p = 3t.

PROOF: If H is any self-centered unique eccentric vertex
graph, then every vertex of H is an eccentric vertex. Hence, t
is even and G has 3t vertices. Let vy, v,, v3, ..., v represent the
vertices of H and {v,, v/"} forr =1, 2, 3, ..., t be the vertices
of t copies of 2K;. Then in G, v/, v," are adjacent to v, and if
v, is the eccentric vertex of v, in H, then v,', v," are eccentric
vertices of vy in G and v, v," are eccentric vertices of v,. It is
clear that {vy', vo', v53', ..., v/} U {v{", vo", v3", ..., v{"} is a
minimum isolate eccentric dominating set of G.
Hence, Y,.4(G) = 2p/3.

THEOREM: 2.7 If G is of radius greater than two, then
Yoed(G) = p- A(G)

PROOF: Let w be a vertex of maximum degree A(G). Then w
dominates N[w] and the vertices in V — N[w] dominate
themselves. Also, since diam(G) > 2, each vertex in N(w) has
eccentric vertices in V — N[w] only. Therefore, V — N(w) is an
eccentric dominating set of cardinality p — A(G) and u is an
isolated vertex in (V — N(w)), so that v,.4(G) < p —A(G).

THEOREM: 2.8 Let G be a connected graph with
| V(G) |=p. Then 1oea(G-K.) = p.

PROOF: Let V(G) = {vy, V2, V3, ..., Vp}. Let v{' be the pendant
vertex adjacent to v, in G-K; for r = 1, 2, 3, ..., p. Then
{vi', vo', v3', ..., v;'} is an isolate eccentric dominating set for
G-K; and is also a minimum dominating set for G-K,. Hence,
yoed(G°Kl) = p

OBSERVATION: 22 (i) If G = K, + K, + K, + K, , then
Y(G) =2, 7ea(G) =4, ¥o(G) = 3, Y0ea(G) = 4.

(ii) If G = Ky + K, + K, . K, p > 2 then ¥(G) = 1.4(G) = 1o(G)
= Yol G)=2. -

(iii) If G = Kq + K, +K, +Kp with q < p, then y(G) = 2,

Yea(G) = 4, 7o(G) = min(q, p) + 1, Yoea(G) = min(q, p) + 2.

III. CONCLUSION

Here we have initiated the study of isolate eccentric
domination in graphs. We have studied isolate eccentric
domination in some families of graphs and also studied some
bounds for isolate eccentric domination number of a graph.
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