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Abstract: In this paper, the first order intuitionistic fuzzy differential equation with intuitionistic initial value is studied
under generalised differentiability concept. With the help of the («, B)-cut representation of an intuitionistic fuzzy set, the
first order intuitionistic fuzzy differential equation is transformed into four systems of simultaneous ordinary differential
equations where each system consists of a set of four equations. Then each system is solved numerically by Euler method.
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I. INTRODUCTION

The intuitionistic fuzzy set is an extension of fuzzy set
which was introduced by Zadeh[l]. The concept of
intuionistic ~ fuzzy set was first proposed by
Atanassov[2].Fuzzy set is characterized by the degree of
belongingness whereas intuitionistic  fuzzy set 1is
characterized by belongingness as well as non-
belongingness. Therefore the sum of the values of
membership and non-membership is less than one [3,4]. In
the literature, it is only few investigations on the
intuitionistic fuzzy differential equations. Earlier, Melliani
and Chadli[5,6] have discussed differential and partial
differential equations under intuitionistic fuzzy environment
respectively. Abbasbandy and Allahviranloo[7] obtained
numerical solution of intuitionistic fuzzy differential
equation by Runge-Kutta method. Lata and Kumar[§]
studied Nth-order time dependent intuitionistic fuzzy linear
differential equation, where initial values were described by
trapezoidal intuitionistic fuzzy numbers. Recently, Mondal,
et al.[9] studied strong and weak solution of first order
homogeneous intuitionistic fuzzy differential equation,
subsequently, who studied system of differential equation in
literature [10]. Melliani, et al.[11] discussed the existence
and uniqueness of the solution of the intuitionistic fuzzy
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differential equation using the successive approximation
method. Based on the a -cut of an intuitionistic fuzzy set,
Nirmala and Chenthur Pandian[12]discussed the numerical
solution of intuitionistic fuzzy differential equation by Euler
method.Nirmala et al [13,14] have discussed numerical
solution of IFDE by Modified Euler method and by fourth
order Runge-Kutta method respectively.Parimala et al[15,16
] have studied numerical solutions of intuitionistic fuzzy
differential equations by Milne’s predictor-corrector method
and by Adam’s predictor corrector methods,respectively.
Wang and Guo [17]have studied multiple solutions of
intuitionistic fuzzy differential equations based (a, f)-cut of
an intuitionistic fuzzy set.

This paper is arranged as follows: Section 2 consists of
basic definitions related to intuitionistic fuzzy set theory.
Differentiabilty of Intuitionistic Fuzzy Number valued
functions is discussed in section 3. Intuitionistic fuzzy
Cauchy problem is given in section 4. Euler’s method is
presented in section 5.Section 6 consists of a numerical
example and conclusion of the paper is in section 7.

II. BASIC CONCEPTS

Definition 2.1[3]: Let X be a universe of discourse. An IFS
A 7 in X is an object having the
form: A = {(x, pa(x), va(x) ) \x € X} which is characterized
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and a non-
with the condition

by a membership function p,:X - [0,1]
membership function v,:X - [0,1]
0 < pa(x) +va(x) <1 .forallx € X.

For each x the numbers pu(X) and v, (x) represent the
degree of membership and degree of non-membership of the
element x € X to A C X, respectively.

For each IFS A in X,if My (X) = 1 — pa(x) — vaA(x), mx (%)
is called the degree of indeterminacy or hesitancy of x to “A”
Especially ,if ma(x) =1— pa(x) —va(x) =0, for each
x € X then the IFS is reduced to a fuzzy set.

Definition 2.2[18]: An intuitionistic fuzzy set A =
{(xpa(x),va(x) ) \x ER} such that pa(x) and (1—
va)(x) =1 —v,(x),Vx € R are fuzzy numbers, is called an
intuitionistic fuzzy number.

Therefore IFS A ={Xx pa(x),vax))\xER} is a
conjection of two fuzzy numbers At with a membership
function pu+(x) = pa(x) and A~ with a membership
function pa-(x) = 1 — v (x).

Definition 2.3[19]: A set of (a, ) cut set. Generated by
intuitionistic fuzzy set, where o, 8 are fixed numbers such
that 0<a+p=<1 is defined as
A(a,[}) = {(X' HA(X)'VA(X) )\X ER uA(X) = aand VA(X) <
B}, Vo, B €[0,1].

By denoting A qp) = {At Afg} we mean that the crisp set
of elements x which belong to at least to the degree o and
which does not belong to at most to the degree 3.

Definition 2.4[19]: An intuitionistic fuzzy subset of the
real line R is called an intuitionistic fuzzy number if the
following holds:

(i) There exist m € R, py(m) =1 and v4(m) = 0 (m is
called the mean value of A);

(i) pa is a continuous mapping from R to the closed
interval [0,1] and for all x € R, the relation 0 < pu (%) +
va(x) < 1 holds:

(iii) The membership and non-membership functions of A
are given as follows:

0,—o0 <x < ay,
fl(X)lX € [al' m]l
1,x=m
hl(X)lX € [m, 32],
0,a;, <x<
strictly increasing and decreasing functions in [a;, m] and

[m, a,] respectively.

Ha(x) = , where f; (x) and h; (x) are
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Andv, (x) =
1,—o<x<a,,
f,(x),x€[a;,m;0<f;(x) +f,(x) <1,
0,x=m s
h,(x),x € [m,a,'];0 < h;(x) + h,(x) <1
l,a, <x<o

wherea;' <a; <m<a, <a,.

The (o, B)-cut representation of IFN "A" generates the
following pair of intervals and is denoted by
[Alwp) = (AL (@, Ab (], [AL(B), Ay(B)] 0 < a + B < 1]
Where A} (o) = inf{x € R/ps(x) = o},
Af(0) = sup{x € R/pa(x) > o},
Ap(B) = inf{x € R/va(x) < B}
AG(B) = sup{x € R/vo(x) < B},
where[A*], = [Af (00, A% (0] and [A]g = [A7(B), A7 (B)]
are fuzzy numbers with membership functions p, and
1 — v, respectively.
Definition 2.5[20]: A Triangular Intuitionistic Fuzzy
Number(TIFN) A is an intuitionistic fuzzy set in R with the
following membership function p,(x) and non-membership
function v, (x) given as follows:

% for a; <x<m

m-a;
ax—x
= <x<
MAG) = { 3o 10T M S X =37 and
0 otherwise
m-—Xx
- for a;" <x<m
m-—a,
X—m
-] — <x<a,
K () =3 form<x<a,

1 otherwise

where a;" < a; <m< a; < a3 and TIFN is denoted by
A= ( a;,m,as;a,’, m,a;").

Let IFN(X) denote the set of all intuitionistic fuzzy set on X.
Definition 2.6[17]: Let I = [a,b] € R.Then f: 1 = IFN(X) is
called an intuitionistic fuzzy number-valued function on I.
If :1- [IFN(X)]" , "f" then is called an "n" dimensional

vector of intuitionistic fuzzy number-valued function on 1.

III. DIFFERENTIABILITY OF INTUITIONISTIC FUZZY
NUMBER VALUED FUNCTIONS
Definition 3.1[17]: Let A ={X pua(x),va(x))} and
B = {(x,ug(x),vg(x) )} where x € X be two intuitionistic
fuzzy sets. Let [A]p) = {[AL(0), AG ()], [AL(B), Au(B)]}
and  [B](qp) = {[B{ (), By()], [BL (B), By(B)1},  where
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0<a+pB<1and af €[0,1], then the distance between
the intuitionistic fuzzy numbers "A" and "B" is defined as

d(A, B) = 7 [[; 1A} (@) — Bf (o) ldoc + [ Af () —

1), _ 1,
Bi(c)|da+ [[IAL(B) — BL(B)IdB + [, 1Au(B) —
By(B)dB] .
Then, clearly (IFN(X), d)is a metric space.
Definition 3.2[17]: Let x,y € IFN(X).If there exists z €
IFN(X) such that x = y + z, then z is called the intuitionistic
H-difference of x and y.
Definition 3.3[17]: Let F:[a,b] = IFN(X) and x, €
[a,b].We say that F is differentiable at x,, if there exists an
element F'(x,) € IFX(N),such that

(i) for all h > 0 sufficiently small,

3F(x, + h) IH F(x,),3 F(x¢) IH F(xy — h) and the limits

(in the metric d)

F(xo+h)IH F(xo) . F(xo) IH F(xo—h)
EOotWILFG0) - Jjpf ey SOOI EGO=D)
h h

(or)
(ii)for all h > 0 sufficiently small,3F(x,) IH F(x, + h),
3 F(xy — h) IH F(x,) and the limits
F(xo) IH F(xo+h) F(xp—h) IH F(x¢)
(=h) (=h)

limh_>0 = F'(XO),

llmh_,o = llmh_,o = F’(Xo),

(or)

(iii) for all h > 0 sufficiently small,3F(x, + h) IH F(x,),
3 F(xo —h) IH F(%,) and the limits

F(xo+h)IH F(xo) _ F(xo—h) IH F(xo)

limyso =——— 9 = (-h)

llmh_)o = F,(Xo),
(or)
(iv) for all h > 0 sufficiently small,,3F(x,) IH F(xq + h),
3 F(xq) IH F(x, — h) and the limits
F(xo) IH F(xoth) _ 1. F(xo) IH F(xo—h :
= (—h)(XO = limy,_,o — h ) —F (X0),
For the sake of simplicity, we say that the intuitionistic
fuzzy-valued function "F" is (i)-differentiable if it satisfies
in Definition (3.3) case (i), and we say intuitionistic fuzzy-
valued function "F" is (ii)-differentiable if it satisfies in

Definition (3.3) case (ii).

lirrlh—>0

Theorem 3.1[17]: Let F:[a,b] = IFN(X) be an intuitionistic
fuzzy-valued function and denote
[F(t)](a,ﬁ) = {[FE (t: (X), FG (t' (X)], [FE (t, B)i FG (t, B)]}’
where 0 < a+ 3 <1anda,f € [0,1].Then:

€)) If F is >1)- differentiable, then
Fi(t, ), Fi(t, o), FL (t,B), and Fy(t,B) are differentiable
functions and
[F’(t)]((x,ﬁ) = {[F’E(t, (X), F,:-J(t! (X)], [F,L (t! B)! F,U(t! B)]}

2) If F is (i1)-differentiable, then
Fi(t, o), Fi(t, o), FL (t,B), and Fy(t,B) are differentiable
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functions and

[F' (0] @p = {Fut o, FL o] [FytB),FLEp), 13
Proof: See [17]

Remark 3.1: In general, if "F*" is differentiable in the sense
of case (m),m € {1,2} of Definition 3[21] and "F™" is
differentiable in the sense of case(n),n € {1,2} of
Definition 3[21], then "F" is (m, n)-diferentaible, denoted by
DM™ME, m,n € {1,2}.

Theorem 3.2[17]: Let F:[a,b] —» IFN(X) be an intuitionistic
fuzzy-valued function and denote
[F(t)](a,B) - {[FE (tx (X), Fa (t! (X)], [FIT (t' B)' FL_J (t' B)]},
where 0 < a+ < 1and a, € [0,1]. Then:
(1) If F is (1,1)-differentiable, then
F{ (t, o), Fi(t, ), FL (t, B), and Fy(t,B) are differentiable

functions and
[F' ]y = {[F'L & @), Fo6 ], [F(t B), Fut B}
2) If F is (1,2)- differentiable, then

Fi (t, o), Fi(t, o), FL (t, B), and Fy(t,B) are differentiable

functions and
[F' ()] apy = {FL & @), Fot o], [Fyt ), Fr (6B}
3) If F is 2,1)- differentiable, then

Ff (t, o), F(t, ), FL (t, B), and Fy(t,B) are differentiable

functions and
' 3 . ,— —

[F (t)](a,B) & {[F U(tl (X), F L (t! a)]! [F L (t! B)! F U(t! B)]}
4, If F is (2,2)- differentiable, then

F{ (t, o), F{(t, o), F{ (t, B), and Fy(t,B) are differentiable
functions and

[F' (0] @p = {F ot o, FL o] [FytB),FLE .
Proof: See [17].

IV.INTUITIONISTIC FUZZY CAUCHY PROBLEM

A first order intuitionistic fuzzy differential equation is
a differential equation of the form
y' =f(t,y),t €1 =]a,b]
4.1)
where (i) y is an intuitionistic fuzzy function of the crisp
variable t
(i) f(t,y)is an intuitionistic fuzzy function of the

crisp variable t and the intuitionistic ~ fuzzy
variable y and
(iii) y' is the intuitionistic fuzzy derivative.
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If initial value y(ty) = y,{intiutionistic = fuzzy
number},we get an intuitionistic fuzzy Cauchy problem of

first order y' = f(t,y), y(tg) = Vo.

As each intuitionistic fuzzy number is a conjection two
fuzzy numbers [18], Equation (4.1) can be replaced by an
equivalent system as follows:

y'® ={y* ©.y*®].[y-®.y-O
Where ﬂ(t) = min {f(t, w\u € [E, F] }

=Fty " O, y*(©).y" (to) =yo"
(4.2)

y'+(t) = max {f(t, w\u € [E, F] }
=6 (6y" O.770). 57 ) =yoF
y'~(®) = min{ft,\v € [y~,77] }
= F(ty'~ (0,y" )y (t) = yo
y= () = max{f, \v e [y~,77] }
=Gty O,y (). y (t) =¥o

an

(4.3)

4.4

(4.5)

The system of equations given in (4.2) and (4.3) will have
unique solution

[E , F] €EB= E[O,l]XE[O,l] and the system of equations
given in (4.4) and(4.5) will have unique solution

[£ , }7] €EB= E[O,l]XE[O,l].Therefore the system given
from(4.2) to (4.5) possesses unique solution

y'® ={y"* ©.y7®].[y" ).y} € BXB which is
an intuitionistic fuzzy function.

(i.e) for each t,

yEr) = {[ﬂ (), y* (& 0()] . [{ &Ry (& B)]}, where
0<a+B<1 and o €[0,1]. is an intuitionistic fuzzy
number.

The parametric form of the system of equations (4.2) to (4.5)

is given by y'*(t; @) = F(t, y* (t; ), y* (& @),

y* (to; @) = yo* (@) (4.6)
y*HE @) = Gy* (G a),y* (G ),
y*(to; @) = yo* (@) 4.7
y~ (&R =H(ty &R,y (& R)).
y (t0;B) = yo_(B) (4.8)
y=(6B) =1ty (6 R).y~ (6 B)),
Y- (to; B) = Yo (B), (4.9)

fora,B€[0,1]and0<a+B<1.
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V. THE EULER METHOD

In this section, we will present the Euler formula
for the intuitionistic fuzzy differential equations. To solve
the intuitionistic fuzzy system of ordinary differential system
in [ty t,], [tg, t2], o) [t tiegn ], ofor T € [0,1],we  will
replace each interval [ty,ty,;]by a set of Ny + 1 regularly
spaced points. The grid points on [ty ty,.;] will be

t -t
tyn = tx + nhy where hy = % and 0 < n < Ny.Now
k

we will give algorithm to numerically solve the system in

[to, ta], [ty, t2) oo, [t ticsa ], oo

Algorithm: To approximate the solution of the fuzzy initial
value problem given by the system of equations in Eqs (4.6)
to (4.9).

Case:1 (1,1)-Differentiability

Step: 1 Let hy, = tk’;—_tk,w;'(tk_o) =a,,
o R

W_r-'—(tk'o) = al, W_r_(tk’o) = bo and W_r_(tk'o) = bl
Step: 2 Let i=1.
Step:3  Let
Wit (i) = Wi (tiio1) + hFr(tigiog, Wi (tkio1)s
wit (i) = Wit (tigie1) +hGr(tii-, Wi (tiio1));
Wr (tii) = Wi (tii—1) + hHp(tio, Wi (tio1))s
Wi (tii) = Wy (tigi—1) + hIp(ti—1, wi (triz1)):
Step: 4ty = txo + (1 + Dhy
Step: SLeti=i+1
Step: 6 If i < Ny, go to Step 3.
Step:7 The algorithm ends, and [w; (ti, 1), Wit (txs1)]
and
of

approximates the value of [Y;(tiyq), Yo (tis1)]
[W_r_(tk+1): wi (tir1)] the
[Yr (i), Vi (tiea)]
Case:2 (1,2)-Differentiability
Step: 1 Let hy, = M,wﬁ(tko) =a,,

Nk —_ 4

W_rJr(tk,o) = as, W_r_(tk,o) = by and W_r_(tk,o) =b,
Step: 2 Let i=1.
Step:3  Let
Wi (tri) = Wy (tiio1) + hFr(teion, wi (tkiz1)):
wif (ti;) = wi (tigi1) + Gy (tigio1, Wi (tioa)):
Wi (tii) = Wy (tii—1) + hlp(tiio, Wi (teiz1));
Wi (tii) = Wy (tigi—1) + hHp (o1, wi (tic)):
Step: 4ty = txo + (I + Dhy

approximates value

480


http://www.ijartet.com/

V' Vol. 5, Special Issue 12, April 2018

Step: S5Leti=i+1

Step: 6 If i < Ny, go to Step 3.

Step:7 The algorithm ends, and [w_;+ (tes 1), Wit (tie1)]

and
of

approximates the value of [E(tkﬂ),ﬁ(tkﬂ)]
[wr (tis1), Wi (tira)] the

[V (tieen), Yi (tiern)]
Case:3 (2,1)-differentiability

1y -t
Step: 1 Let hy = %,wr* (tro) = a0 »
Ve

W_I-F(tk'o) = al, W_r_(tk‘o) = bo and W_r_(tk'o) = b1
Step: 2 Let i=1.
Step:3  Let
Wi (tei) = Wi (tigi) + hGr(tigioy, Wi (tici=1));
wit (tii) = Wit (tigioa) + WPy (ot Wi (tica)):
Wy (tiei) = Wi (tii-1) + hHr(tigiog, Wi (ticio1)):
Wi (tii) = Wr (tigia) + hlp(tigiog, Wi (tigio1)):
Step: 4ty = tgo + (i + 1hy
Step: SLeti=i+1
Step: 6 If i < Ny, go to Step 3.
Step:7 The algorithm ends, and [w; (tiy 1), Wit (tes1)]

approximates value

approximates the value of [Y7 (tk+1),ﬁ(tk +1)] and
[W_r_(tk+1)’ wi (tiie)] the of
[Yr (i), Y (b))
Case:4 (2,2)-differentiability
Step: 1 Let hy, = m,w;f(tko) =a,,

Ny —— ’

W_;!—(tklo) = al, W_I'_(tk,()) = bO and W_r_(tk'o) = b1
Step: 2 Let i=1.
Step:3  Let
Wi (i) = Wi (tigioa) + hGr (tigio, Wi (tiio1));
wi (i) = wif (tigiog) + hFp(teiog, Wi (tigio1))s
Wi (i) = Wy (tiio1) + hlp(tigios, Wi (tiio1));
Wi (ti) = Wy (tigi—1) + hHp(tio1, Wi (tiic1))s
Step: 4ty = tgo + (i + 1hy
Step: SLeti=i+1
Step: 6 If i < Ny, go to Step 3.
Step:7 The algorithm ends, and [w_r+ (tre1), Wit (tes)]

approximates value

approximates the value of [E(tkﬂ),ﬁ(tk +1)] and
[W_r_(tk+1), Wi (tir1)] the of
[Yr (tier), Y (tisn)]-

approximates value
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VI. NUMERICAL EXAMPLES

Let us consider the Weight-Loss problem:

Over-weight people on diet and treatment gradually reduce
their weight W.The time rate of decrease of weight W is
assumed to be proportional to the weight W itself.In the
model, uncertainty is introduced if we have uncertain
information on the initial weight W, of over-weight people.
However, in some situations, there may be hesitation about
over-weight. In order to take into account the uncertainty
and hesitation, we consider initial value weight W, as a
triangular intuitionistic fuzzy number
(120,130,135:115,130,140) Ib. Let us find the weight after

30 days? (The constant of proportionality is k = ﬁ 1b/cal)

Solution:
W _kw
dt

with the initial condition

W(t,) = (120,130,135: 115,130,140),

an intuitionistic fuzzy number.

The (o, B)-cut of W(ty) is given by

W(to, o, B)_: Wo (o, B) =

{Wg (00, Wy (@], [Wa (8), W5 ()]},

(i.e) W(to, o) = Wy ()

= {[120 + 100,135 — 5a], [115 + 158,140 — 108]3},
0<a+B<1andoBe[01]

Case[1] (1,1)-Differentiability:

The exact solution of Eq(5.1) under (1,1)-differentiability is
given by

W*H(t, ) = (=7.5 + 7.5a)eXt + (127.5 + 2.5a)e~,

WH(t, &) = —=(=7.5 + 7.5a)eKt + (127.5 + 2.5a)e 7k,
W= (t,B) = (—12.5 + 12.5p)ekt + (127.5 + 2.5B)e~¢,
W-(t,B) = —(—12.5 + 12.5B)e** + (127.5 + 2.5p)e ™",
Comparison of exact and approximate solutions of Eq(6.1) at
t =30 with h=0.1 is given Fig.6.1

6.1)

Comgarison of Exat and Appevsinaats soltiong
1 4 gt -
\ o
o t
A N
L0 Y 24
H —— it ben Y R
§ v Bthonben | VoA
Tt} | g ¥t
~ Bl nien ) ¥
.
R
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Case[2] (1,2)-Differentiability
The exact solution of Eq (6.1) under (1,2)-differentiability is
given by
WH(t,a) = (=7.5 + 7.5a)ekt + (127.5 + 2.5a)e X,
WH(t, o) = —(=7.5 + 7.5a)eX + (127.5 + 2.5a)e ™,
W (t,B) = (115 4 15B)e K, W+(t, B) = (140 — 10B)et.
Absolute errors between exact and approximate solutions of
membership and non membership functions Eq (6.1) at t =30
with h=0.1 is given Table.6.1.

Table.6.1

R Error Mem Error Non Mem

0 1.957892599 1.957892599
0.2 1.96557061 1.96557061
04 1.97324862 1.97324862
0.6 1.98092663 1.98092663
0.8 1.98860464 1.98860464
1 1.996282652 1.996282652

Case[3] (2,1)-Differentiability
The exact solution of Eq (6.1) under (2,1)-differentiability is
given by
W (t, ) = (120 4+ 10a)e W+ (t, ) = (135 — 5a)e X,
W= (t,B) = (—12.5 + 12.5p)ekt + (127.5 + 2.5B)e "¢,
W-(t, ) = —(—12.5 + 12.58)e** + (127.5 + 2.5p)e ™.
Absolute errors between exact and approximate solutions of
membership and non membership functions Eq (6.1) at t =30
with h=0.1 is given Table.6.2.

Table.6.2

R Error Mem Error Non Mem
0 1.957892599 1.957892599
0.2 1.965570609 1.96557061

0.4 1.97324862 1.97324862

0.6 1.98092663 1.98092663

0.8 1.98860464 1.98860464

1 1.996282652 1.996282652

Case [4] (2,2)-Differentiability

The exact solution of Eq(6.1) under (2,2)-differentiability is
given by

WH(t, o) = (120 + 10a)e X W+ (t, a) = (135 — 5a)e X,
W (t,B) = (115 + 15B)e X W+(t, B) = (140 — 10B)ex.
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Comparison of exact and approximate solutions at t =30 with
h=0.1 is given Fig.6.2
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The solutions of Eq(6.1) in cases(1,1),(1,2) and
(2,1) have an increasing length of its support, which leads us
to the conclusion that there is a possibility that, the weight of
the person on diet and treatment increases as days goes on
and even a non-zero possibility that it is negative.
Fortunately, the real situation is different, and the weight
always decreases with time and it cannot be negative.
Therefore, (2,2)-differentiability is suitable for this type of
problems.

In all the cases, the numerical solutions of Eq(6.1)
by Euler method is closer to the exact solutions. However,
the errors can be minimised by taking smaller step size h .

VII. CONCLUSION

We propose a general numerical procedure for
treating intuitionistic fuzzy Cauchy problems in the (a, 3)-
cut representation. The original initial value problem is
replaced by four set of parametric ordinary differential
equations, where each set consists of four simultaneous
equations which are then solved numerically using classical
algorithms. In this work the standard Euler approximation
method is used. The method’s applicability is illustrated by
solving a first order intuitionistic fuzzy differential equation.
In future, higher order methods will be used to study
numerical solution of intuitionistic fuzzy differential
equations.
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