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Abstract 

In this paper, we investigate the two dimensional hydromagnetic boundary layer of 

stagnation-point flow over a flat plate in a nanofluid with heat transfer. The governing 

Navier Stokes equations are reduced to a set of nonlinear ordinary differential equations 

using similarity transformations. The similarity equations are solved numerically by 

Runge Kutta Gill method for two types of nanoparticles, namely diamond and platinum 

with mineral oil as the base fluid. The skin friction coefficient and rate of heat transfer as 

well as the velocity and temperature profiles for different values of the governing 

physical parameters are presented graphically and discussed. Effects of the nanoparticle 

volume fraction on the flow and heat transfer characteristics are thoroughly analyzed.   

 

Keywords: MHD, nanoparticle volume fraction, stagnation-point flow, Runge Kutta Gill 
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Introduction 

Nanofluid is a significant factor 

effecting the next major industrial 

revolution of the current century. Many 

researchers have focused on modeling 

the thermal conductivity and examined 

different viscosities of nanofluid because 

the thermal conductivity of these fluids 

play an important role on the heat 

transfer coefficient between the heat 

transfer medium and the heat transfer 

surface. Nanofluids are now being 

developed for medical applications, 

including cancer therapy and safer 

surgery by cooling. Other possible areas 

for the application of nanofluid 

technology includes cooling of a new 

class of super powerful and small 

computers and other electronic devices 

for use in military systems, airplanes as 

well as for large scale cooling. To all the 

numerous applications must be added 

that, nanofliuds could be used in major 

process industries, including materials 

and chemicals, food and drink, oil and 

gas, paper and printing and textiles. 

Ultra high- performance cooling is one 

of the most vital needs of many 

industrial technologies.  

The two-dimensional flow of a fluid near 

a stagnation-point is a classical problem 

in fluid mechanics. The steady flow in 

the neighborhood of a stagnation-point 

was first studied by Hiemenz 8 . 

Magnetohydrodynamic (MHD) 

boundary layer is of considerable 

interest in the technical field due to its 

frequent occurrence in industrial 

technology and geothermal application, 

high-temperature plasmas applicable to 

nuclear fusion energy conversion, liquid 

metal fluids and (MHD) power 

generation systems. Sparrow et al. [23] 

studied the effect of magnetic field on 

the natural convection heat transfer. 

Patel and Timol 20  studied two- 

dimensional MHD stagnation point flow 

of a power law fluid over a stretching 

surface. The enhancement in the thermal 

diffusivity values of the solvents such as 

ethanol, water, ethylene glycol and 

culture medium by the presence of gold 

nanoparticles have been studied by 

Perez 28 et al. Low thermal conductivity 
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of conventional fluids such as water and 

oil in convection heat transfer is the 

main problem to increase the heat 

transfer rate in many engineering 

equipments. To overcome this problem, 

researchers have performed considerable 

efforts to increase conductivity of 

working fluid. An innovative way to 

increase conductivity coefficient of the 

fluid is to suspend solid nanoparticles in 

it and make a mixture called nanofluid, 

having larger thermal conductivity 

coefficient than that of the base fluid. 

This higher thermal conductivity 

enhances the rate of heat transfer in 

industrial applications. Many researchers 

have investigated different aspects of 

nanofluids such as thermal conductivity, 

thermal diffusivity and viscosity of 

nanofluids have been studied by Kang et 

al. 10 , Velagapudi et al. 26 , Turgut 25 , 

Rudyak et al. 22 , Murugesan and 

Sivan 14 and Nayak et al. 15 . Bachok et al. 

[5] studied the flow and heat transfer in 

an incompressible viscous fluid near the 

three-dimensional stagnation point of a 

body that is placed in a water nanofluid 

containing different types of 

nanoparticle: copper,  alumina and 

titania. Bachok et al. [4] also 

investigated two dimensional stagnation-

point flow of a  nanofluid over a 

stretching/shrinking sheet. They derived 

the highest values of the skin friction 

coefficient and the local Nusselt number 

were obtained for the copper 

nanoparticles compared with the others. 

Two dimensional boundary layer flow 

near the stagnation point on a permeable 

stretching/shrinking sheet in a water-

based nanofluid containing two types of 

nanoparticles copper and silver, was 

studied by Arifin et al.
3
 Ahmad and 

Pop 2 examined the mixed convection 

boundary layer flow past a vertical flat 

plate embedded in a porous medium 

filled with nanofluids. Nield and 

Kuznetsov 17  conducted the classical 

problems of natural convective boundary 

layer flow in a porous medium saturated 

by a nanofluids, known as the Cheng-

Minkowycz’s problem. Kuznetsov and 

Nield 11  investigated natural convective 

boundary layer flow of a viscous and 

incompressible fluid past a vertical semi-

infinite flat plate with water based 

nanofluids. Mirmasoumi and 

Behzadmehr 13  investigated the laminar 
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mixed convection of a nanofluid in a 

horizontal tube using two-phase mixture 

model. Abu- Nadu and Chamkha 1  

conducted a numerical investigation on 

mixed convection flow in an inclined 

square enclosure filled with alumina-

water nanofluid. Oztop and Abu-

Nada 19 studied natural convection in a 

rectangular enclosures filled with a 

nanofluid containing copper, alumina 

and titania as nano particles. They 

concluded that the highest value of heat 

transfer is obtained by using copper 

nanoparticles. MHD boundary layer 

stagnation point flow and heat transfer of 

a micropolar fluid towards a heated 

shrinking sheet with radiation and heat 

generation are discussed by Muhammad 

Ashraf and Muhammad Rashid 30 . 

Kameswaran et al. 31  discuss the effects 

of various material and physical 

parameters such as thermal radiation and 

nanoparticle volume fraction on heat and 

mass transfer characteristics in two 

water-based nanofluids with 

suction/injection and radiation and solute 

concentration. The effects of thermal 

radiation on MHD axisymmetric 

stagnation point flow and heat transfer of 

a micropolar fluid over a shrinking sheet 

are studied by Shahzad Ahmad et al. 32 . 

Aurangzaib and Sharidan Shafie 33  

analyzed unsteady MHD stagnation 

point flow with heat and mass transfer in 

a micropolar fluid in the presence of 

thermophoresis and suction/injection. 

Khalili et al. 34 discuss the unsteady 

magnetohydrodynamic (MHD) 

stagnation point flow and heat transfer of 

a nanofluid over a stretching/shrinking 

sheet is investigated numerically. The 

ambient fluid velocity, 

stretching/shrinking velocity of sheet, 

and the wall temperature are assumed to 

vary linearly with the distance from the 

stagnation point.     

 

The main aim of this study is to analyze 

the two dimensional nonlinear steady 

viscous incompressible hydromagnetic 

boundary layer of stagnation point flow 

with heat transfer in a nanofluid in the 

presence of transverse uniform magnetic 

field. Utilizing similarity transform, the 

governing Navier-Stokes partial 

differential equations are reduced to set 

of nonlinear ordinary differential 

equations. The similarity equations are 
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solved numerically using Runge Kutta 

Gill method for two types of 

nanoparticles, namely diamond and 

platinum with mineral oil as the base 

fluid. The skin friction and rate of heat 

transfer as well as the velocity and 

temperature for different values of the 

governing parameters are presented 

graphically and discussed. Effects of the 

nanoparticle volume fraction on the flow 

and heat transfer characteristics are also 

discussed.   

 

2.  Mathematical formulation of the 

problem 

Consider a steady incompressible 

nonlinear hydromagnetic stagnation 

point flow over a flat plate with heat 

transfer in a nanofluid in the presence of 

a transverse uniform magnetic field. The 

ambient uniform temperature of 

nanofluids is ,T  where the body 

surface is kept at a constant temperature 

.wT  The linear velocity of the flow 

external to the boundary layer is 

,)( axxU   where ''a  is positive 

constant. Under these assumptions, the 

governing equations for the continuity, 

momentum and energy in boundary 

layer flow are proposed by Tiwari and 

Das 24  can be written as: 

0 yx vu                                                                                                                   
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Subject to the boundary conditions         

,  ,0  ,0 wTTvu   at 0y                                                               

,  ,)(  TTaxxUu  as y                                                                              

where u  and v  the velocity components 

along x  and y  axes respectively, nf  is 

the viscosity of the nanofluid, nf  is the 

density of the nanofluid, nf  is the 

kinematic viscosity of the nanofluid, nf  

is the electrical conductivity of the 

nanofluid, nf  is the thermal diffusivity 

of the nanofluid, T  is the temperature, 

nfk  is the thermal conductivity of the 

nanofluid and  
nfPC   is the heat 

capacity of the nanofluid, which are 

given by Oztop and Abu-Nadu 19  
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where f  is the viscosity of the fluid, 

f  is the reference density of the fluid 

fraction, s  is the reference density of 

the solid fraction,  
fPC   is the heat 

capacity of the fluid,  

 
sPC   is the heat capacity of the solid, 

fk  is the thermal conductivity of the 

fluid, sk  is the thermal conductivity of 

the solid and   is the nanoparticle 

volume fraction. 

Introduce the following similarity 

variables:  

),( xfa f  
f
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where   is the stream function defined 

as 
y

u






 and 
x

v






, which 

identically satisfy Eq. (1), f  is the 

viscosity of the fluid,  f  is the stream 

function and    is the temperature. 

Usinthe non dimensionless variables in 

Eq. (7), Eq. (2) to (5) reduce t with the 

boundary conditions  

  ,00 f    ,00 f    10   at 0                                              

  ,1f   0  at                                

where 
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Prandtl 

number                                              

 The physical quantities of interest are 

the skin friction coefficient fc  and he 

local Nusselt number ,xNu  which are 

defined as: 
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stress and 

wu  is the surface velocity                                                                                                

 Using the non dimensional variables  

we get 
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3. Numerical Analysis 

 The Eqs. (8) - (9) are nonlinear ordinary 

differential equations which constitute 

the nonlinear boundary value problem. 

As no prescribed method is available to 

solve nonlinear boundary value problem, 

it has to be reduced to an initial value 

problem and then solved numerically by 

Runge Kutta Gill method. To initiate the 

process, we have to make an initial guess 

judiciously for the values of  0f   and 

 0  . The success of the procedure 

depends very much on how good the 

guess it. Numerical results are found for 

several values of the physical parameter 

Hartman number ,M  Prandtl number 

Pr on velocity and temperature.  

4. Results and discussion  

In order to get a clear insight into the 

problem, the numerical results for skin 

friction, velocity, rate of heat transfer 

and temperature of different values of 

the parameters, such as Hartman number 

M and the Prandtl number Pr are 

obtained. Table 1 indicates that the 

physical and thermal properties of 

diamond mineral oil nanofluid and 

platinum mineral oil nanofluid. 
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Table 1: Thermophysical properties of 

base fluid and the nanoparticles at 

300K   

 

  

)/( 3
mkg  

 

 kgkJCP /  

 

)/( mkWK  

 

 sm
2710  

 

Mineral oil 

 

900 

 

2000 

 

0.15 

 

0.8333 

 

Diamond 

 

3510 

 

500 

 

2000 

 

11396.011 

 

Platinum 

 

21470 

 

130 

 

70 

 

250.797 

 

The effect of nanoparticle volume 

fraction parameter   on the velocity 

profile of platinum mineral oil nanofluid 

is shown in the figure 1. It is noted that 

the increasing values of the nanoparticle 

volume fraction   is increase the 

velocity profile. This is due to the fact 

that the presence of nanoparticles leads 

to further thinning of the boundary layer. 

It is clear that the increasing values of 

nanoparticle volume fraction increases 

the velocity. 

Figure 2 shows the effect of nanoparticle 

volume fraction parameter   on the 

temperature profile of platinum mineral 

oil nanofluid. The presence of 

nanoparticle volume fraction leads to an 

increase in the thickness of the thermal 

boundary layer profile. This is because 

nanoparticles have high thermal 

conductivity, so the thickness of the 

thermal boundary layer increases. 

Figure 3 depicts the variation in the 

velocity profile for different values of 

Hartmann number for thorium water 

nanofluid. It is seen that the velocity 

increases with an increasing Hartmann 

number and consequently the thickness 

of the boundary layer decreases. Thus 

the magnetic force enhances the fluid 

motion in the boundary layer because the 

last term of the momentum equation 

 uU   remains positive in the boundary 

layer region. Here the Lorentz force 

associated with the magnetic field makes 

the boundary layer thinner.     

Figure 4 display the effect of magnetic 

parameter on the temperature profile of 

the thorium water nanofluid. It is clear 

that an increase in the magnetic 
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parameter decreases the temperature 

profile. This shows that the thermal 

boundary layer becomes thicker due to 

the effect of increasing magnetic field. 

Thus, the presence of the magnetic field 

causes the nanofluid temperature profile 

to decrease. 

Figure 5 shows the effect of nanoparticle 

volume fraction parameter   on the 

velocity profile of diamond mineral oil 

nanofluid. It is noted that the increasing 

values of the nanoparticle volume 

fraction   is decrease the velocity 

profile. This is due to the fact that the 

presence of nanoparticles leads to further 

thinning of the boundary layer. It is clear 

that the increasing values of nanoparticle 

volume fraction decreases the velocity. 

Figure 6 display the effect of 

nanoparticle volume fraction 

parameter  on the temperature profile 

of diamond mineral oil nanofluid. The 

presence of nanoparticle volume fraction 

leads to an increase in the thickness of 

the thermal boundary layer profile. This 

is because nano particles have high 

thermal conductivity, so the thickness of 

the thermal boundary layer increases. 

Figure 7 shows the variation in the 

velocity profile for different values of 

Hartmann number for gold water 

nanofluid. It is seen that the velocity 

increases with an increasing Hartmann 

number and consequently the thickness 

of the boundary layer decreases. Thus 

the magnetic force enhances the fluid 

motion in the boundary layer because the 

last term of the momentum equation 

 uU   remains positive in the boundary 

layer region. Here the Lorentz force 

associated with the magnetic field makes 

the boundary layer thinner.     

.  

The effect of magnetic parameter on the 

temperature profile of the gold water 

nanofluid is shown in the figure 8. It is 

clear that an increase in the magnetic 

parameter decreases the temperature 

profile. This shows that the thermal 

boundary layer becomes thicker due to 

the effect of increasing magnetic field. 

Thus, the presence of the magnetic field 

causes the nanofluid temperature profile 

to decrease. 

 

Figures 9 and 10 are presented to get a 

clear idea about the different 
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nanoparticles when the base fluid is 

water, 1.0  and .1M  The velocity 

profiles for different nanofluids are 

shown in figure 9. It is observed that the 

different nanofluids have different 

velocities and also noted that gold water 

nanofluid has higher velocity when the 

base fluid is water with 1.0  and 

1M  compared to thorium 

nanoparticle. From figure 10 it is 

observed that the thorium nanoparticles 

have the highest value of temperature 

profile compared to gold nanopaticles. 

The temperature profile of a nanofluid is 

based on the thermal conductivity of the 

nanoparticles. 

 

The skin friction and the rate of hear 

transfer due to magnetic field for gold 

water and thorium water are depicted in 

figures 11 and 12 respectively. It is clear 

that the effect of magnetic field is to 

increase the skin friction whereas its 

effect is decrease the rate of heat 

transfer. Further, compared with gold 

water nanofluid and thorium water 

nanofluid, skin friction is increased for 

gold water nanofluid but rate of heat 

transfer is decreased for gold water 

nanofluid.   

Figure 13 is prepared to present the 

effect of the nanoparticle volume 

fraction   on the skin fraction 

coefficient fx C2

1

Re  for gold water 

nanofluid and thorium water nanofluid. 

It is found that the magnitude of skin 

friction coefficient increases with 

increasing values of nanoparticle volume 

fraction   for both of gold water 

nanofluid and thorium water nanofluid. 

In addition, it is noted that the highest 

skin friction coefficient is obtained for 

the gold nanoparticle.         

 

The influence of the nanoparticle 

volume fraction   on the rate of heat 

transfer for different nanofluids are 

shown in figure 14. It is seen that the 

rate of heat transfer increases with 

increase of nanoparticle volume fraction 

.  Moreover, it is noted that the lowest 

heat transfer rate is obtained for 

nanoparticle thorium due to domination 

of conduction mode of heat transfer. 

This is because thorium nanoparticle has 

the lowest value of thermal conductivity 
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compared to gold nanoparticle as seen in 

table 1. The gold nanoparticles have 

high values of thermal diffusivity and, 

therefore, this reduces the temperature 

gradients, which will affect the 

performance of gold nanoparticles.    

 

5. Conclusion         

 The magnitude of the skin friction 

coefficient and the rate of heat transfer 

increases with the nanoparticle volume 

fraction.   

 A fixed value of the nanoparticle 

volume fraction ,  the velocity of 

fluid increases by   increasing Hartman 

number. 

 A fixed value of the nanoparticle 

volume fraction, the temperature 

increases by decreasing Hartman 

number.   

 The gold nanoparticle has the largest 

velocities compared to thorium 

nanoparticle. 

 The effect of magnetic field is to 

increase the skin friction whereas its 

effect is decrease the rate of heat 

transfer
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Fig. 1 Velocity profiles  f   for different 

nanoparticle volume fractions for platinum 

mineral oil  nanofluid.  
  

 

 

 

Fig.2 Temperature profiles    for 

different nanoparticle volume fractions for 

platinum mineral oil nanofluid. 
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Fig. 3 Velocity profiles for different nanoparticle 

volume fractions for diamond mineral oil  nanofluid.  
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Fig. 4 Temperature profiles    for 

different nanoparticle volume fractions for 

diamond mineral oil nanofluid 
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Fig. 5 Effect of the Hartman number M  on the 

velocity profiles  f   for diamond mineral oil 

nanofluid 
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Fig. 6 Temperature profiles    for different 

nanoparticle volume fractions for diamond mineral oil 

nanofluid 
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Fig. 7 Effect of the Hartman number M  on the 

velocity profiles  f   for platinum mineral oil 

nanofluid 
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Fig. 8 Temperature profiles    for different 

nanoparticle volume fractions for paltinum 

mineral oil nanofluid 
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 Fig. 9 Velocity profiles  

 f   for different nanoparticles when .1.0      
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