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Abstract: In this paper, first we introduce the notion of compatible mappings of type(R) in digital metric spaces
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I. INTRODUCTION
Definition 1.1 [2] Let , n be positive integers with 1≤ ≤
An image or region may be defined as a two
dimensional function
where and are spatial
co-ordinates and
denotes the amplitude function
(brightness). The value of at
is called intensity or
gray level of the image at that point. If the intensity values
of are all finite, discrete quantities, then we call it as a
digital image. Digital image is composed of a finite
number of elements, each of which has a particular
location and value. These elements are called pixels. Pixel
is the term used to denote the elements of digital image.
The first applications of digital images appeared in the
newspaper industry. To create a digital image we need to
convert the continuous reused data into digital form. This
can be done through sampling and quantization.
The elements of 2D image are called pixels. A
pixel p at a point
has four horizontal and vertical
neighbours
whose
coordinates
are
given
by
The set of
pixels is called 4 neighbours of p, is denoted by N 4(p) and
each pixel is at unit distance from the point
.
The four diagonal neighbours of p have
coordinates

n. Consider two distinct points
=(

),

)∈

=(

n

The points p and q are

-adjacent if there are at most

indices

| = 1 and for all other indices ,

|

such that |
| ≠ 1,

= .

(i)Two points
Figure 1).

and

in

are 2-adjacent if |p – q|=1 (see

Figure 1. 2-adjacency

(ii)Two points and in 2 are
(a) 8-adjacent if the points are distinct and differ
by at most 1 in each coordinate i.e., the 4neighbours of
are its four horizontal
and

vertical

neighbours

and
.
(b) 4-adjacent if the points are 8-adjacent and
differ in exactly one coordinate i.e., the 8neighbours of
consist of its 4neighbours together with its four diagonal
neighbours

, denoted by ND(p). These points together with the four
and
.
neighbours are called 8-neighbor of p and denoted by N3
(iii)Two points and in
are 26-adjacent if the points
8(p).
Let n, ∈ , be the set of points in the Euclidean are distinct and differ by at most 1 in each coordinate. i.e.,
dimensional space with integer coordinates.
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(a) Six

faces

neighbours

and
(b) Twelve edges
neighbours
(c) Eight

corners

neighbours

(iv)Two points and in 3 are 18-adjacent if the points
are 26-adjacent and differ by at most 2 coordinate. i.e.,
(a)
Twelve
edges
neighbours
.
(b)
Eight
corners
neighbours
(v)Two points and in 3 are 6-adjacent if the points
are 18-adjacent and differ in exactly one coordinate. i.e.,
(a)
Six faces
neighbours
and
For more details one can refer to [7].
Now we start with digital metric space
where
is usual Euclidean metric on n and
denote the
adjacency relation among the points in n. We notice that
the digital plane 2 is the set of all points in the plane 2
having integer coordinates.
Definition 1.2 Let
be a digital images set. Let be
a function from
satisfying the
following:
(i)
,
(ii)
(iii)
(iv)

iff

,

A – neighbour of a point ∈ n is a point of n that is
- adjacent to , where ∈ {2,4,6 8,18,26} and ∈ {1, 2,
3}.
The set
( ) = {q | q is - adjacent to } is
called the -neighbourhood of .
In 1994 Boxer [1] defined a digital interval as
= { ∈ | a ≤ ≤ b},
where a, b ∈ and a < b.
A digital image
⊂ n is -connected if and
only if for every pair of distinct points
∈ , there is a
set {
} of points of a digital image such that
,
where
and
are -neighbours
and = 0, 1... - 1, see [5].
The notion of digital continuity in digital
topology was developed by Rosenfeld [10] to study 2D
and 3D digital images. Further, Ege and Karaca [3]
described the digital continuous functions.
Definition 2.1 [1] Let ( , )
, ( , ) ⊂
be
digital images and f:
→ be a function.
(i) If for every -connected subset of ,
is
a

-connected subset of , then

is said to

be ( , )-continuous.
(ii)

is ( , )-continuous for every
points {
and

(iii) If

-adjacent

} of , either
are

or

-adjacent in

is ( , )-continuous, bijective and
( , )-continuous, then

is

is called ( , )-

isomorphism and denoted by

,

.

.

,where

Proposition 2.2 [4] Let
be a digital metric space.
A sequence { } of points of a digital metric space
A point of digital image is called pixel and this point has
is
co-ordinates of type
(i) a Cauchy sequence if and only if there is α ∈
The various Euclidean distances between pixels and
such that for all, n,m
, then
are defined as
(a)
(b)
(c)
distance).

(City block distance)
(Chessboard

i.e.,
(ii) convergent to a point
there is α ∈

if

such that for all

for all
then

II. TOPOLOGY OF DIGITAL METRIC SPACES
Proposition 2.3 [4] A sequence { } of points of a digital
In 1999 Boxer [2] defined a – neighbour of a metric space
converges to a limit
if there is
point ∈ n and gave the digital version of topologies.
α ∈ such that for all
, then
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Theorem 2.4 [4] A digital metric space
is
always complete.
Definition 2.5 [3] Let
be any digital metric
space. A self map on a digital metric space is said to be
digital contraction, if there exists a λ∈ [0, 1) such that for
all
∈ ,
Proposition 2.6 [3] Every digital contraction map
is digitally continuous.
Proposition 2.7 [4] Let
be a digital metric space
Consider a sequence { } ⊂ such that the points in
{ } are adjacent. The usual distance
which is
greater than or equal to 1 and at most √ t depending on the
position of the two points where t
III. PRELIMINARIES
It was the turning point in the ﬁxed point theory
literature when the notion of commutativity mappings was
used by Jungck [6] to obtain a generalization of Banach’s
fixed point theorem for a pair of mappings. This result was
further generalized, extended and unified using various
types of contractions and minimal commutative mappings.
In 1995, Pathak et. al. [8] introduced the notion of
compatible mappings of type (P). In 2004, Rohan et al. [9]
introduced the concept of compatible mappings of type
(R) by combining the definition of compatible mappings
and compatible mappings of type (P).
Now we give some basic definitions and results
that are useful for proving our main results.
n
Deﬁnition 3.1 Let
,
and (
) be a
digital image and is an adjacency relation in X. Two self
mappings and of a digital metric space
are
called digitally compatible of type (R) if
and
,
whenever { } is a sequence in
such that
for some in .
Proposition 3.2 Let
and
be digitally compatible
mappings of type (R) of a digital metric space
into itself. If
for some
, then
.
Proposition 3.3 Let
and
be digitally compatible
mappings of type (R) of a digital metric space
into itself. Suppose that
=
for
some t ∈ X. Then
(a)
if is digitally continuous at .

(b)
if is digitally continuous at .
(c)
and
if
and
both are
digitally continuous at .
IV. MAIN RESULT
Now we prove a common fixed point theorem for pairs of
compatible mappings of type
in digital metric spaces as
follows:
n
Theorem 4.1 Let
,
and (
) be a
digital image and
is an adjacency relation in X. Let
and
be mappings of a digital metric space
into itself satisfying the following conditions:
(C1)
,
(C2)

for all
, where ∈ (0, 1),
(C3) one of the mappings A, B, S and T is continuous.
Assume that the pairs
and
) are compatible of
type R. Then
and have a unique common ﬁxed
point in .
Proof. Let
be any arbitrary point. From (C1) we
can find
such that
for this
one
can find
such that
.Continuing
in this way, one can construct a sequence {
such that

for each

.
On putting

=d
≤

Let
Therefore,
contradiction.
Hence,
Let
such that
≤
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≤
→ 0 as
This implies that { } is a digitally Cauchy sequence in
digital metric space
Therefore,
converges
to a point as
Consequently the subsequence’s
and
also converges to
the same point
Now suppose that is continuous. Since the mappings
and are digitally compatible of type
it follows from
the Proposition 3.3, that
and
converges
to
as
Now we claim that
. For this put
and
in (C2) we get
,T
)
≤

Letting n→∞, we have
≤

implies that
Next we claim that
Putting
,y=
Consider
)
≤

This implies that
Since
is compatible of type (R) and
so by Proposition 3.2, we have
and hence
.
Also, from (C2), we have
≤
≤
.
This implies that
Hence,
Therefore, z is common fixed point of A, B, S and T.
Similarly, we can also complete the proof by taking B is
continuous.
Next suppose that S is continuous.
Since A and S are compatible of type (R) and by
Proposition
3.3,
we
have
SS
We claim that
Putting
,y=
in inequality (C2) we have
,T
)
≤

in (C2) we have
}
Letting n→∞, we get
≤

=
implies
.
Letting n→ , we have
Since
and hence there exists a point w in X such
≤
that
We claim that
On putting x = S
, y = w in (C2) we have
implies that
Since
and hence there exists a point u in X such d(SS ,T ) ≤
that
.
Now we claim that
.
i.e,
≤
≤

≤

=
implies that
Since B and T are compatible of type (R) on X and
so by Preposition 3.2, we have
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and [6].

G. Jungck, Commuting mappings and fixed points, Amer. Math.
Monthly 83 (1976), 261–263.

[7].

C. Park, O. Ege, D. Jain, S. Kumar and D. Y. Shin, Commuting
and Compatible Mappings in Digital metric spaces, Journal of
computational analysis and applications. (Appeared).

hence
Next, we claim that
Putting x =
, y = z in (C2) ,we have

≤ [8].

i.e,

H.K. Pathak, Y.J. Cho, S.M. Kang, B.S. Lee, Fixed point theorems
for compatible mappings of type (P) and applications to dynamic
programming, Matematiche, 50 (1995), 15-33.

≤

[9].

=

[10]. A. Rosenfeld, Continuous functions on digital pictures, Pattern
Recognition Letters, 4 (1986), 177- 184.

implies that
Since

Y. Rohan, M. R. Singh and L. Shambhu, Common fixed points of
compatible mapping of type (R) in Banach spaces, Proc. Math.
Soc., Banaras Hindu University 20 (2004), 77-87.

, so there exists a point p in X such that

We claim that z = Sp.
Putting

in (C2) we have
≤
≤

,
implies that
Since A and S are compatible of type (R) on X,
so by Proposition 3.2,
we
have
and
hence
That is,
Therefore, z is common fixed point of A, S, B and T.
Similarly, we can complete the proof when T is
continuous.
Uniqueness follows easily.
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