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Abstract

In this paper , we extend results of Sami Ullah Khan and Arjamand Bano [9] and prove
some common fixed point theorem for a pair of weakly compatible mappings in cone metric

spaces using ® — distance on X without using normality in cone metric space. Also we extend
the results of H.Lakzian and F.Arabyani [7] and ‘infimum’ of a set is used in H.Lakzian and
F.Arabyani [7] which may not be meaningful in the context of a cone metric space.we
successfully avoided this difficulty in this paper by obtaining suitable modifications.

Mathematics Subjects Classification :54H25 , 47H10
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1 Introduction

Fixed point theory plays an important role in functional analysis, approximation
theory, differential equations and applications such as boundary value problems etc. The concept
of a metric space was introduced in 1906 by M. Frechet [2]. It furnishes the common
idealization of a large number of mathematical, physical and other scientific constructs in which

the notion of a “distance” appears. The objects under consideration may be most varied. They
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may be points, functions, sets and even the subjective experiences of sensations. What matters is
the possibility of associating a non negative real number with each ordered pair of elements of
certain set, and that the number associated with pairs and triples of such elements satisfies certain
conditions.

Haung and Zhang [3] generalized the concept of metric Space, replacing the set of real numbers
by an ordered Banach space, and obtained some fixed point theorems for mappings satisfying
different contractive conditions. The metric space with w-distance was introduced by O. Kada et
al [6]. These two concepts were combined together and Cone metric space with w— distance
was introduced by H.Lakzian and F.Arabyani [7], and a fixed point theorem was proved. Abbas
and Jungck [1] proved some common fixed point theorems for weakly compatible mappings in
the setting of cone metric space. D. Ili¢ and Rakocevi¢ [4], Rezapour and Hamlbarani [8] also
proved some common fixed point theorems on cone metric spaces. Our objective is to extend
these concepts together to establish a common fixed point theorem for a pair of weakly
compatible mappings in cone metric space using w-distance. Consequently, we improve and
generalize various results existing in the literature.

In this paper , we extend results of Sami Ullah Khan and Arjamand Bano [9] and prove
some common fixed point theorem for a pair of weakly compatible mappings in cone metric
spaces using ® — distance on X without using normality in cone metric space. Also we extend
the results of H.Lakzian and F.Arabyani [7] and ‘infimum’ of a set is used in H.Lakzian and
F.Arabyani [7] which may not be meaningful in the context of a cone metric space.we

successfully avoided this difficulty in this paper by obtaining suitable modifications.
2 Preliminaries

2.1 Definition: (L.G. Haung and X. Zhang [3])

Let E be a real Branch Space and P a subset of E. The set P is called a cone if

1. P is closed, non-empty and P # {0 };

2.a,bER ,a,b>0, x, y € P then ax+ by€P;
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3.PN(-P)={0}

For a given cone P of E ,we define a partial ordering < on E with respect to P by

x <yif and only if y—x € P. We write x<yto indicate that x < ybut x # y, while x<<y stands
for y — x€Int P, where Int P denotes the interior of P.

2.2 Definition: (L.G. Haung and X. Zhang [3])

Let E be a real Banach space and P be a cone of E . The cone P is called normal if

there is a number K > 0 such that for all x, y€E, 0 < x< yimplies

I <l <k ]

The least positive number K satisfying the above inequality is called the normal constant of P.
In the following, we always suppose that E is a real Banach space, P is a cone in E

and E is endowed with the partial ordering induced by P.

2.3 Definition: (L.G. Haung and X. Zhang [3])

Let X be a non-empty set. Suppose that the mapping d: X x X — P satisfies:

a.0<d (x, y) forall x, yéX and d(x,y) = 0 if and only if x = y.

b. d(x, y) =d(y,x) for all x, y €X

c.d(x, y) <d(x, z) + d(y, z) for all x, y, z €X.

Then d is called a cone metric on X and (X, d) is called a cone metric space.

2.4 Definition: (L.G. Haung and X. Zhang [3])

Let (X, d) be a cone metric space, {x»} be a sequence in X and x €X.

1. {xn} converges to x if for every c€E with 0 << c, there is an n,such that

for all n > no, d(x,,x) << c. We denote this by limx» = xorx»— xasn — ©
n—oo0
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ii. if for any ¢ €P with 0 << c, there is an no such that for all n, m > no,
d( xn, xm) << c, then {xn} is called a Cauchy sequence in X.
iii. (X, d) is called a complete cone metric space, if every Cauchy sequence in

X is convergent in X.
2.5 Definition: ( H. Lakzian and F. Arabyani [7] )
Let X be a cone metric space with metric d. Then a mapping ®: XxX— E is called
o - distance on X if the following conditions are satisfied

i) 0<o(x,y) forall x, y€ X;

ii) o(x, 2) <ok, y) + o(y, 2) forall x, y, z€ X;

iii) if x, — x then ®( y,x, ) = ®( y,x) and ©(x,, y) — o(x,y)

iv) for any 0 << a, there exists 0 << [ such that o(z, x) << B and ©(z, y) << B imply
dx,y)<<aforalla,p €E ... (2.5.1)
2.6 Definition: ( H. Lakzian and F. Arabyani [7] )
Let X be a cone metric space with metric d, let ® be a ® — distance on X, x € X and { x, }a
sequence in X. Then {x,} is called a - Cauchy sequence whenever for every a €E , 0 << a,
there is a positive integer N such that, for all m,n > N, o( xp,X, ) << a.

A sequence {X,} in X is called ® — convergent to a point x€ X whenever for every
a € E, 0 << g, there is a positive integer N such that for all n > N, o(x,x,) << a.
(X,d) is a complete cone metric space with ®- distance if every Cauchy Sequence is

o — Convergent.

2.7 Lemma : ( H. Lakzian, F.Arabyani[7], lemma 2.5)

Let (X,d) be a cone metric space , let p be w - distance on X and let f be a function from X into
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E such that 0 < f(x), for any xe X. Then a function ¢ from X x X into E given by q(x,y) =
fix) + p(x,y) for each (x, y) € X x X is also a w-distance.

2.8 Example : ( H.Lakzian and F.Arabyani[7 ] )

(1) Let (X, d) be a metric space. Then p = d is a w-distance on X.

(i1) Let X be a norm linear space with Euclidean norm.

Then the mapping p: X X X — [0, ) defined by p(x,y) = ||x|| + ||y|| forallx, y €X is a
w- distance on X.

(i11) Let X be a norm linear space with Euclidean norm. Then the mapping

p: X X X = [0, 0) defined by p(x, y) = llyll forall x, y EXisa w - distance on X.

(iv) Let X be a cone metric space with metric d, p be a w—distance on X and f bea function
from X into E such that 0 < f{x)for any x €X. Then a function

q: XX X - E given by q(x, y) = f(x) + p(x, y) for each (x, y) €X x X is also a w-distance.

2.9 Definition: (G. Jungck.and B.E. Rhoades [5])
Let S and T be self mappings of a set X. If u = Sx = Tx for some x€ X, then x is called a
coincidence point of S and T and u is called a point of coincidence of S and T.
2.10 Definition: (G. Jungck.and B.E. Rhoades [5])
Two self mappings S and T of a set X are said to be weakly compatible if they commute at their
coincidence point. i.e; if Su = Tu for some u€ X, then STu = TSu.
2.11 Proposition: (M.Abbas and G. Jungck [1])

Let S and T be weakly compatible self mappings of a set X. If S and T have a unique point of
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coincidence , i.e; u = Sx = Tx, then u is the unique common fixed point of S and T.
2.12 Property: Let (X,d) be a cone metric space. If {x,/, {y, } are sequences in X and

x,— x and y,— y then d(x,,y,) — d(x,y).

2.13 Assumption :

Xn — x (ie; d(xy,x) — 0)and x,<y implies x <y
3 Main Results

In this paper, we extend results of Sami Ullah Khan and Arjamand Bano [9] and prove
some common fixed point theorem for a pair of weakly compatible mappings in cone metric

spaces using o — distance on X without using normality in cone metric space. Also we extend
the results of H.Lakzian and F.Arabyani [7] and ‘infimum’ of a set is used in H.Lakzian and
F.Arabyani [7] which may not be meaningful in the context of a cone metric space.we
successfully avoided this difficulty in this paper by obtaining suitable modifications.

3.1 Lemma : Let X be a cone metric space with metricd and p : X X X — E is w-distance on
Xsatisfies p(Tx,T?x) < rp(x, Tx)Vr € [0,1).Then {x,,} is a Cauchy sequence.
3.2 Theorem : Let (X, d)be a cone metric space with w - distance p on X and T: X = X.
Suppose that there exists 7 € [0, 1)such that ()p(Tx, T?x) < rp(x,Tx), forevery x €X
and (ii) ify # Ty, then there exists s,, > 0 such that

0<s, <{p(x,y) +p(xTx)/x €X}>0.

Then there is a z € Xsuch that z = Tz. Further if v = T(v), then p(v,v) = 0.
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Proof : Let u € Xand define u,, = T"ufor any n € N. Then we have, for any n €
N, p(Up, Ups1) ST p(Up_1,Uy) < < 1™(Up,uy) , 0< T < 1

Soifm>n,

p(Up, Up) S p(up, Upsr) + o+ P(Up—1, Up)
<r"p(ug,uy) + ...+ 1™ p(ug, uy)
n

<
1—-r

p(uo, uq)

Now let a € Ewith 0 < abe given, then choose y € Ewith 0 < ysuch that
a + N, (0) € Pwhere Ny (0) = {z € X/||z|| < y}.

Also choose a natural numberN; such that

;anp(uo,ul) € N;(O)then I—_nrp(uo,ul) Ka

n

1—r

>a— p(uy, u,) € intp

n

1—r

o p(Up, Upy) < p(ug,uy) K avn > m.

~ {u,}is a Cauchy sequence in X ( by Lemma 3.1)
Since X is complete,{u, }converges to some point z € X.
Let n, € Nbe fixed.

Then since {u, }converges to z andp(uy,, .) is continuous,

we have p(up,,2z) < lim;_q, p(Un,, Um)
No

<
1-—r

p(Uo, Uq)

Assume that z # Tz.Then by hypothesis we have,
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0<s,<{p(x,y) + p(x,Tx) / x €X}
0<s; <{p(un,2) + p(ung Uny+1)/M0 € N}
< {(22) pCatg ) + 7op (g1 )} Vg €N

= 0asny —> o

=2 0<s5,<0

This is a contradiction.
wz=Tz

Ifv = Tvwe have p(v,v) = p(Tv,T?v) < rp(v,Tv)
=1rp(v,v).
~p,v) <rp(v,v)
>A-rpvv)<0
=>p(v,v) = 0.
3.3 Example : Let (X, d)be a complete cone metric space with w-distance p on X and the

mapping 7 : X — X. Suppose that there exists r €0, 1) such that

p(Tx,T?x) < rp(x,Tx) for every x € X and that y # Ty. Then there exists s, > 0 such that
0<s, =y—=y*<d(xy)+d(xx?) foreveryx € [0,%] andy € (0,1) and d(x,y) =

lx —y| 2 T(x) =x?onX=[0,%] ,7r= %

Then there is a z € X such that z = Tz. Further if v = T(v), thenp(v,v) = 0.

Proof : Let X = [ 0,%2] , d and p be usual distances ,

Define T : X — X as Tx = x°

Put r = 3% then
d(Tx,sz)S |x2— 4|
= x* (1—x%)

= (1+x)(1—=x)
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=x(l+x)x(1-x)
< % (x-x")
= 3% d( Tx, T%)

~d(Tx, T < rd(Tx, T®) Vx € X.
3.4 Lemma :

Let {y,} be a sequence in X such that

O( Yne1:Yn ) <A O( Yns Yn1) ..(34.0)
where 0 <A < 1 then {y,}is a Cauchy Sequence in X. Further, if y, — yas n — o , then
o(yy)=0

Proof : We have by (3.4.1),

O( Yost,Vn ) <AW(y, y0), n=123,...

forn>m,

O(Yn,Ym ) < O(Yn, Yn-1) + O( Yn-1, Yn-2) + O( Yn2, Yu3) + ... +O( Yme1, Ym)

< A"o(y1,y0) + A" yi, yo) ++.+ A" o y1, o)
= (A" A2 4 A™3 4 4™ @y, yo)
Am
:(E)(D(YI,}’O) (342

—0asm— o
Now let 0 << 1, choose 6 according to ( 2.5.1).
By (3.4.2), ®( yn,ym ) << & for m large
Hence o( ynt1, Ym) << 0 and o( Y41, Yn) << O

Hence d( ym,yn)<<mn by (2.5.1)

116



ISSN 2394-3777 (Print)
ISSN 2394-3785 (Online)
Available online at www.ijartet.com

#% "V International Journal of Advanced Research Trends in Engineering and Technology (IJARTET)
Vol. 4, Special Issue 21, August 2017

Therefore {y,} is a Cauchy Sequence in (X,d)

Since O( yu+1,yn) < AP 0( y1, yo) n=12,...

we get O( YmekYm ) <A™ @( y1, yo) ...(3.4.3)
for large m and all k

Hence it converges to y , say.

In (3.4.3) , letting k — oo we get

(Y, ym) <A™ o(y1, Yo)

Now lettingm — o, (Y, ym) — 0

Hence o(y,y) =0

3.5 Lemma:

If wix,y)=0andw(y,x)=0 then

1) w(x,x)=w(y,y)=0and

(i) d(x,y)=0sothatx=y

Proof : Since o(x,x) < o(x,y)+ o(y,x) =0

we get o(x,x) = 0. Similarly o(y,y)=0

Also we have o(x,y)=0so thatd(x,y)=0

Hence x=y

3.6 Theorem:

Let (X,d) be a complete cone metric space with @ — distance ®. Let P be a normal cone with
normal constant K on X. Suppose that the mappings S, T : X — X satisfy the following
conditions :

(1) The range of T contains the range of S and T(X) is a totally ordered closed subspace of X.
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(11) o(Sx,Sy) <r[ o(Sx,Ty)+o(Sy,Tx)+o(Sx,Tx)+®(Sy,Ty)+max{o(Tx,Ty),o(Ty,Tx)}] ...(3.6.1)
where r € [0,1/ ~) 18 a constant. Then S and T have a unique coincidence point in X.
Moreover, if S and T are weakly compatible, then S and T have a unique common fixed point.
Proof : Let xo€ X. Since S(X) is contained in T(X), we choose a point x; in X such that
S(xp) = T(x;). Continuing this process we choose x, and x,.; in X such that S(x,) = T(xn+1).
Then o( Txny1, Tx,) = ©(Sxy , Sxn)
< 7 [ ©(Sxn, Ton-1)+0(Sxn-1, Txn)+0(Sx,, Tx,)+0(Sxn-1, Txn-1)+max {@(Tx,, Txn-1),0(Txn.1, Tx,) }
=1 [ ©(Txy4 7, Txp- 1) +0 (T, Ty )+ (T4 1, Txy)+0(Txn, T ) +max { o (T, Tty 1), 0(Tx,- 1, Tx,) }
“ w( Txner, Txy)
< r [ o(Txy4 1, T )+ (T, T )+ (Tx,p 4 7, )+ (Toxn, Toxy ) +max { (T, T, ), 0(Tx-7, Txn) }
Similarly o( Tx;, , Txps1)
< r [ o(Txps1,Tx,- 1)+ (Tx, Ty )+ (Txp 4 1, Tx)+0(Toxn, T, ) +max { o (T, T ), (T, Txy) }
s~ max { o Taper, Txn) , 0 Tovngr , T, )
< 1 [0(Txy4 7, Txp- 1)+ (T, T )+ (Tx, 1 7, Txy)+0(Txn, Ty ) +max { o (Tx,,, T, ), (Tx,- 7, Tx,) }
< 1 [0(Txy47,Tx,) +0(Tx,, Ty 1) + (T, T 1) + ©(Tx- 1, Txy) + (T4 7, Tox)+
o(Txp, Tx,-)+max { o(Tx,, Tx,-7),0(Tx,-7, Tx,) }]
Hence 0,41 < 7 [ Opgp + O+ O+ Oy + Opyg + O + 0 |, Where o, = max{o(Tx,,Tx,.;),0(Tx,.;,Tx,)}
=r{2on+50]

(1-2}") On+1 < 5 7 Op

5r
1-2r

)0

Ops1 = (
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5r

a, — 0 (since <1)

1-2r
Hence { Tx, } is a Cauchy Sequence in (X,d).
Since T(X) is a totally closed subspace of X, there exists q in T(X) such that Tx, — q as n — oo.
Cosequently we can find h in X such that T(4) = g. Thus
o( Tx, , Sh) = o(Sx,_; , Sh)
<r[ o(Sx,.;,Th)+o(Sh,Tx,. )+ (Sx-1, Tx,. ) +@(Sh, Th)+max { o(Tx,.;, Th),0w(Th,Tx,.;)} ]
=r [ o(Tx,, Th)+ow(Sh,Tx,.))+o(Tx,,Tx,.;))+@(Sh,Th)+max{o(Tx,.;,Th),0(Th,Tx,.;)}]
On letting n — o
o(Th, Sh) <r[ o(Th,Th)+o(Sh,Th)+o(Th,Th)+o(Sh,Th)+max{w(Th,Th),o(Th,Th)}]
=2r o(Sh,Th)
~ w(Th, Sh) < 2r o(Sh,Th).
Similarlyo( Sh, Th) < 2r[ o(Sh,Th) |
~ w(Th,Sh) = 0 and o(Sh,Th) = 0
~ Sh=Th (by Lemma3.4)
Hence £ is a coincidence point of S and T
Uniqueness : Suppose that there exists a point « in X such that Su = Tu
So we have ®( Tu,Th) = ®(Su,Sh)
<r[ oSu,Th)+o(Sh,Tu)+o(Su, Tu)+o(Sh,Th)+max{w(Tu,Th),w(Th,Tu)}]
=r [ o(Tu,Th)+o(Th,Tu)+o(Tu, Tu)+o(Th,Th)+max{o(Tu,Th),0(Th,Tu)}]
s o Tu,Th) < r [ o(Tu,Th) + o(Th,Tu) + max{w(Tu,Th),o(Th,Tu)}]

Similarly o( Th,Tu) < r [ ®(Th,Tu) + o(Tu,Th) + max{o(Th,Tu),o(Tu,Th)}]
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~ max {o( Tu,Th),o( Th,Tu)} < r [ ®(Th,Tu) + ©(Tu,Th) + max{w(Th,Tu),o(Tu,Th)}]
Suppose o( Tu,Th) < r [ o(Th,Tu) + o(Tu,Th) + ©o(Tu,Th)}]

so that (1-2r)o( Tu,Th) < r o(Th,Tu)

. w( Tu,Th) 5# o(Th,Tu)

Similarly  o( Th,Tu) < ﬁ o(Tu,Th)

< (1_T2r)2 o(Th,Tu)

o~ w(Th,Tu) > o( Th,Tu) ( since #> 1), a contradiction
& w(Th,Tu)=0
Similarly w( Tu, Th) >> o( Tu,Th) , a contradiction
~w(Tu, Th) =0
. Tu="Th
Hence £ is a unique coincidence point of S and T.
Now suppose that S and T are weakly compatible.
Then, by Proposition 2.11, h is the unique common fixed point of S and T.
Assuming that T(X) is totally ordered , the following result of Sami Ullah Khan and

Arjamand Bano [9] follows as a Corollary.

3.7 Corollary: (Theorem 3.2 , Sami Ullah Khan and Arjamand Bano [9])
Let (X,d) be a complete cone metric space with @ — distance ®. Let P be a normal cone with
normal constant K on X. Suppose that the mappings S, T : X — X satisfy the following

conditions :
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(1) The range of T contains the range of S and T(X) is a totally ordered closed subspace of X.
(i1) o(Sx,Sy) <r[ o(Sx,Ty) + ©o(Sy,Tx) + o(Sx,Tx) + ®(Sy,Ty) + o(Tx,Ty) ] ...(3.7.1)
where r € [0,1/ -1 1s a constant. Then S and T have a unique coincidence point in X.

Moreover, if S and T are weakly compatible, then S and T have a unique common fixed point.
3.8 Remark:

In theorem 3.6, if T =14 , the identity map on X , then as a consequence of theorem 3.6, we
obtain the following result.

3.9 Corollary:

Let (X,d) be a complete cone metric space with ® — distance ®. Let P be a normal cone with
normal constant K on X. Suppose that the mappings S,T : X — X satisfy the following
conditions :

(i) The range of T contains the range of S and T(X) is a totally ordered closed subspace of X.
(i) o(Sx,Sy) < r [ ®(Sx,y)+o(Sy, x)+0(Sx, X)+o(Sy, y)+max {w(x,y),0(y,x)}] ...(3.9.1)
where r € [0,1/ ~) is a constant. Then S and T have a unique coincidence point in X.

Moreover, if S and T are weakly compatible, then S and T have a unique common fixed point.
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